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ON INVARIANT MANIFOLDS OF LINEAR DIFFERENTIAL EQUA- 
TIONS. II 



We continue the investigations begun in [ 1 

3. Equivalence of Linear Differential Equations of Different Orders 

As in [1], let ^i{t) and ^2{t) denote blocks of a nonsingular matrix 

' that is continuously differentiable for all t G M, let ^i{t) and denote 
blocks of the matrix 

inverse to $(^), let Mi{t) = ^^{t)^i{t) and M2{t) = $J(t)$2(^) denote pro- 
jectors of ranks n and m — n, respectively, let M^{t) and M^^^{t) denote the 
hyperplanes 

><: M^{t) = {yem^:y = M,{t)y}, 

^ ; M"^-"(^) = {ye MT"-'' : Mi{t)y = 0} 

of dimensions n and m — respectively, and let L(M, Q) denote a matrix 
operator of the form 

L(M, Q) = ^ + MQ-QM. 
at 

Theorem 2. // the subspaces M^{t) and M^^^{t), taken together, are 
invariant manifolds of the differential equation 



I - (I) 

then the change of variables 

y = ^\{t)x + ^tAt)z (11) 



reduces this equation to the system of differential equations 



I ^ Pit)., I ^ Git). (Ill) 

with coefficient matrices 

P(.t)=(^^^ + Ut)Q(t))'i^tit), (IV) 

G(«)= (^ + 3-2(«)Q(«))4'J(«), (V) 

and vice versa, if the differential equation (I) can be reduced by the change of 
variables (II) to the system of differential equations (HI), then the subspaces 
M''^{t) and M™~"(t), taken together, are invariant manifolds of Eq. (I), and 
the coefficient matrices of system (III) are defined by relations (IV) and (V). 

Indeed, let the subspaces M^{t) and M™~"(t), taken together, be invariant 
manifolds of Eq. (I). Then, according to assertion 2 of the main theorem in 
[1], Eq. (I) is equivalent on M^{t) and M^~^{t) to the corresponding first and 
second equations of system (III) with the coefficient matrices defined by rela- 
tions (IV) and (V), respectively. Let Y{t), X{t), and Z{t), where Y{0) = E, 
X{0) = E, and Z(0) = E, be the fundamental matrices of solutions of Eqs. (I) 
and (III) and let E be the identity matrices of the corresponding orders. Ac- 
cording to assertion 2 of the main theorem in [ 1 ] , we have 

Ymtio) = <Pt{t)x{t), vmtio) = <pt{t)z{t) (1) 

for all i e M. Thus, according to (d]), 

y(t)(3.r(o), $+(0)) = i<s>t(t), <s>t(t)) ( ) (2) 

for all t e M. The equality 

Y{t) = $+(t)X(t)$i(0) + $2^(t)Z(t)$2(0) (3) 

for alH G R follows from ([2]). Thus, for an arbitrary G M™, we have 

Y{t)yo = <Pt{t)X{t)xo + ^Ut)Z{t)zo (4) 

for alH G R and xq and zq chosen according to the condition 

xo = $1(0)7/0, Zo = $2(0)?/0. 

Equality (Hj) means that the change of variables (II) reduces the differential 
equation (I) to the system of differential equations (HI). 
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Now assume that the differential equation (I) can be reduced to the system of 
differential equations (III) by the change of variables (II). Taking into account 
that the subspaces z = and a: = are invariant manifolds of system (III) and 
using (II), we obtain relations (d]), which yield 

xit) = $i(t)y(t)$+(o), zit) = <i>2(t)y(t)$J(o) (5) 

for all t e R. 

Substituting into relations ([I]), we obtain 

y(t)$+(o) = Mi(t)y(t)$+(o), rmtio) = M^mmtio) (6) 

for all t e M. 

It follows from the first relation in (Ej) that 

yit) = Mi{t)y{t) 

for any solution y(t) of Eq. (I) that satisfies the condition 

y{0) = $+(0)c, (8) 

where c is an arbitrary constant from M". Since points ([H]) fill the subspace 
M"(0), we conclude that, according to ([7j), the integral curves {t, y{t)) of Eq. (I) 
that pass through points of the subspace M"^(0) for t = belong to the subspace 
M"(t) for any t G M. This is sufficient for the subspace M'^{t) to be an invariant 
manifold of Eq. (I). 

It follows from the second relation in (Ej) that 

y{t) = M2{t)y{t) 

for any solution y{t) of Eq. (I) that satisfies the condition 

y{0) = $2^(0)c, 

where c is an arbitrary constant from M"^""^. 
By analogy, we prove that the subspace 

Mr^'it) = {ye R^-- : y = 

is an invariant manifold of Eq. (I). 

According to Lemma 1 in [ 1 ] , the equality 

M^-''{t) = M"^~''(t) 

holds for any i G M. This proves that the subspace M'^~'^{t) is an invariant man- 
ifold of the differential equation (I). Thus, the subspaces M^{t) and M^^^{t), 
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(9 



(10) 



taken together, are invariant manifolds of Eq. (I). According to assertion 2 of 
the main theorem in [ 1 ], this is sufficient for relations (IV) and (V) to be true. 

Let F{t) e Mpn{^), n > p, F+{t) G Mp„(]R), rankF(^) = and let F{t) 
and F^{t) be continuously differentiable functions for all t G M. Also assume 
that F^{t) is a matrix pseudoinverse to the matrix F{t) and K{t) = F^{t)F{t). 
Finally, let the subspace 

KP{t) = {xeW : x = K{t)x} 

be an invariant manifold of the differential equation 

which is equivalent on KP{t) to the differential equation 



I = (VII) 



The system of differential equations (III) is called a decomposition of the 
differential equation (I) if the change of variables (II) reduces this equation to 
the system of differential equations (HI). 

The differential equation (VII) is called a restriction of the differential equa- 
tion (VI) to the subspace KP{t) if the subspace KP{t) is an invariant manifold 
of Eq. (VI), and this equation is equivalent to Eq. (VII) on K^it). 

We say that the differential equations (I) and (VI) are equivalent if Eq. (VI), 
together with its restriction to K^^^{t) (VII), is a decomposition of Eq. (I). 

By definition, the fundamental matrices of solutions of equivalent differential 
equations are expressed in terms of one another via the matrices that define the 
invariant subspaces of these differential equations. Indeed, using the definitions 
presented above and taking into account that 

G{t) = R{t) (11) 

for all t G M, we conclude that relation ([T]) and the relation 

X{t)F+{0) = F+{t)Z{t) (12) 

for the fundamental matrices of the solutions Y{t), X{t), and Z(t) of the dif- 
ferential equations (I), (VI), and (VII) are true. 
It follows from ([I]) and ([I2D that 

Y{t) = {^t{t)X{t) + <PUmt)X{t)F^O)) |^|Jj| ^ = 
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= $+(t)X(t)$i(0) + ^Ut)F{t)X{t)F+{0)^2{0), (13) 

X{t) = <P,{t)Ymt{0) (14) 

for all t G M. Relations ( 1131 ) and ( fT4l ) describe the relationship between the 
fundamental matrices of solutions of the equivalent differential equations (I) 
and (VI). 

The notion of equivalence of differential equations of orders m and n defined 
above for 

m > n > m — n 
can easily be generalized to the case 

m = 2n. (15) 

Indeed, since the space is an invariant manifold of the differential equation 
(VI), and Eq. (VI) is equivalent on it to the differential equation (VII) with 
the same coefficient matrix, we conclude that, in case (dSj), the equivalence of 
the differential equations (I) and (VI) is determined by the decomposition of 
Eq. (I) into the system of equations 

The results presented above yield the following statement: 
Corollary. The differential equations (I) and (VI) are equivalent if and 
only if 

L{M{t), Q{t)) = 0, L{K{t), P{t))K{t) = 0, (VIII) 

-(^^ + Ut)Q{t))^t{t\ (XI) 

+ $2(t)Q(t)) = + F{t)P{t)^ F^t) (X) 

for all t e R. 

Indeed, assume that the differential equations (I) and (VI) are equivalent. 
Then we have the decomposition of Eq. (I) into the system of equations (III) the 
second equation of which is the restriction of the differential equation (VI) to 
^fn-n^^y It follows from the definition of decomposition and Theorem 2 that 
the subspaces M'^{t) and M"*^"(t) are invariant manifolds of the differential 
equation (I). It follows from the definition of the restriction of the differential 
equation (VI) to the subspace K'^^'^{t) that K'^~'^{t) is an invariant manifold of 
this equation. According to assertions 1 and 2 of the main theorem in [ 1 ] , this 
is sufficient for relations (VIII) and (IX) to be true. Moreover, this is sufficient 




for the coefficient matrices of tlie differential equations (I), (HI), and (VII) to 
satisfy tfie relations 

G(t) = + Umt)) 'S^tit), (16) 



and 



m = (^^+mpit))F+it): (17) 

G{t) = R{t) (18) 



for all t G R. 

The last relation proves equahty (X). 

Let relations (VIII) - (X) be true. Then, according to assertions 1 and 2 
of the main theorem in [1], the subspaces M"(t) and M'^~"(t) are invariant 
manifolds of the differential equation (I), and the subspace K^~^{t) is an in- 
variant manifold of the differential equation (VI); furthermore, the coefficient 
matrices of the corresponding differential equations G{t) and R{t) are defined 
by relations ( fTBI ) and (fTTI). and, hence, according to condition (X), they sat- 
isfy equality (fTHI). According to Theorem 2, this implies that the system of 
differential equations (III) the second equation of which is the restriction of 
the differential equation (VI) to the subspace K^~^{t) is a decomposition of 
the differential equation (I). This proves that relations (VIII)-(X) yield the 
equivalence of the differential equations (I) and (VI). 

Note that, for m = 2n, conditions (VIII)-(X) are simplified because, in this 
case, F{t) and K{t) are the identity matrices. In this case, these conditions 
take the form 

UM{t),Q{t)) = 0, P(t)= (^^ + 4.i(f)Q(t))4.+(f) = 
for any t G M. 

Also note that the equivalence of the differential equations (I) and (VI) 
means that the relations 

Ymtio) = ^t{t)x{t), rmuo) = ^umt)x{t)F+{o) (i9) 

for the fundamental matrices of solutions of Eqs. (I) and (VI) Y{t) and X{t), as 
well as the other relations that can be obtained from ( fT9l ) by the corresponding 
transformations, are true. 



4. Addition to the Floquet— Lyapunov Theory 



Consider the linear differential equation 

S = ^w-' (I) 

where x G W\ P{t) G M„(M), and P{t) is a continuous periodic matrix with 
period T. 

According to the well-known Floquet theorem [ 2 ] , the fundamental matrix 
of solutions of Eq. (I) X{t), X{0) = E, can be represented in the form 

xit) = $(^)e^^ (II) 

where is a matrix periodic in t with period T, and H is the constant matrix 
defined by the monodromy matrix X{T) of Eq. (I) according to the formula 

H = ^\nXiT). (Ill) 

The logarithm is a multi- valued function whose real value does not always exist. 
Thus, relation (I) with matrix (III) such that 

H e M„(]R) (IV) 

is not always true. According to the theory of matrices [ 3 ] , condition (IV) is 
satisfied if and only if every elementary divisor corresponding to the negative 
eigenvalues of the matrix X{T) is repeated an even number of times. Thus, 
only in this case does equality (II) hold with matrices $(t) and H from the 
space of real matrices M„(M). 

In the case where condition (IV) cannot be satisfied, the Floquet representa- 
tion (II) exists only with matrices $(t) and H from the space M„(C), where C 
is the plane of complex numbers, or this representation transforms into equality 
(II) with real matrices $(t) and H, the first of which is periodic with period 2T 
and the second is defined by the relation 

H = ^lnXi2T). (V) 

The Floquet representation (II) with matrix (V) is a consequence of the presence 
of negative eigenvalues of the monodromy matrix of Eq. (I). 

We consider in detail the differential equation (I) whose monodromy matrix 
possesses this property and prove several previously unknown statements for 
this equation. 
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Theorem 3. Suppose that the coefficient matrix of the differential equation 
(I) P{t) belongs to M„(R) for any t G M and is continuous on R and periodic 
in t with period T. 

Then the following assertions are true: 

1 . The algebraic number p of negative eigenvalues of the monodromy matrix 
X{T) of Eq. (I) is even. 

2. Equality (II) holds for the matrix 

H = ^HX{T)I), (VI) 

where I is the real matrix defined by the conditions 

I^ = E, ln(X(r)/) G M,(M), 
and for the periodic matrix ^{t) such that 

$(t + T)h = $(t)/i, $(t + T)l2 = -$(t)/2 (VII) 
for all t G M, where 

E + I E-I 

Ji = , 10 = . 

2 2 

3. There exists a nonsingular matrix {U{t), V{t)) continuously differentiable 
and real for all t G M, periodic with period T, and such that the change of 
variables 

X = U{t)zi + V{t)z2 
reduces the differential equation (I) to the system of differential equations 

where Hi is a constant matrix, G{t) is a periodic matrix with period T, and the 
set of eigenvalues of the monodromy matrix Z2{T) of the second equation of the 
system is either the set of all negative eigenvalues of the matrix X{T) or its 
subset. 

To prove the theorem, we use the representation of the matrix X{T) in terms 
of its Jordan form J(A), namely 

X(T) = SJiX)S-\ 

and obtain the equality 

n 

detX(T) = J]A,, (1) 



which associates the determinant of the matrix X(T) with its eigenvalues X,y, u = 1, n. 



We now use the Liouville-Ostrogradskii-Jacobi formula and represent the 
determinant of the matrix X{T) in terms of the trace of the coefhcient matrix 
of Eq. (I): 

det X{T) = exp {tr P{t)dt} . (2) 

Equating the right-hand sides of relations ([ID and (Ej), we obtain an equality 
that proves that 

n 

Since each pair of complex conjugate eigenvalues of the matrix X{T) in the 
product of all its eigenvalues gives a positive number, it follows from relation 
(E]) that the product of all negative eigenvalues of the matrix X(T) also gives a 
positive number. Thus, the algebraic number of negative eigenvalues of the ma- 
trix X(r), i.e., the sum of multiplicities of the roots of characteristic equations 
for all different negative eigenvalues of the matrix X{T), is an even number. 

Prior to the proof of assertion 2 of Theorem 3, note that, in the case where 
the logarithm of the matrix X{T) is real, by setting I = E one can reduce 
equalities (II) and (VI) to the Floquet relations (II) and (III) with a matrix 
$(r) that possesses properties that follow from these relations and are indicated 
in assertion 2 of Theorem 3. 

It remains to consider the case where the matrix X{T) has negative eigen- 
values and does not have a real logarithm. In this case, the real canonical form 
of the matrix X{T) can be represented in the form of decomposition into two 
blocks A and B, where A either is empty or has a real logarithm, and B has 
only negative eigenvalues and does not have a real logarithm. 

Let B e Md{R), where 

n> d. (4) 

Then the following equahty is true: 

X(T) = s(;^ ° (5) 

where A, and B are real matrices with properties indicated above for A 
and B. 
We set 

Y{t) = S-^X{t)S, Bi = -B. (6) 

According to properties of the fundamental matrix of solutions of Eq. (I), we 
have 

X{t + T) = X{t)X{T) . (7) 



Therefore, it follows from (ED, (ED, and (I7D that 

Y{t + kT) = S-^X{t)X\T)S = S-^X{t)SS-^X\T)S = 



= Y{t) 



A'' 
5^ 



Y{t) 











(8) 



for any integer k. 

We represent Y{t) in the block form 



Y{t) = (Y,{t),Ym 



(9) 



consistent with decomposition (5) of the matrix X{T) into the blocks A and B. 
Using relations (ED, we get 



Yi{t^kT) = Yi{t)A^ 



Y2{t^kT) = {-lfY2{t)B\ 



(10) 



't' 




't' 




' t' 






T + 










f 


f 


f 





for any integer k. 

Since the eigenvalues of the matrix Bi are positive by virtue of the definition 
(ED of this matrix, both matrices A and Bi have real logarithms In A and InBi. 
In view of the arguments presented above, relation ( fTUp yields 



Yi{t) = Y^{t 

Y2{t) = Y2 (t 

= (-lp]YJt 



t 

T 



t' 
f 

t' 
f 



T j exp 

r + 

T ] exp 



t 

f 



t 

f 



T 



t 

f 



= Y2 (^t 
T-t 



InA 



T 

t 

f 

In Bi 
T 



exp i ^In^ 



T 



1)It\B[^' = 



exp i ^ In 5i 



(12) 



for all t G M; here, [t] denotes the integer part of the number t. 

Let ^i{t) and$2(^) denote the coefficients of exp |^ln74| and exp |^lnBi 

in relations ( fTTp and (USD, respectively. Then, using (I9D, (fTTp. and (USD, we ob- 
tain 

'^expll^ln^l ^ 



y(i) = ($i(t),$2(t)) 



\ 



T 




exp < — In 5i I 



(13) 



for all i G M. This equality implies that the matrices ^i{t) and ^2{t) are contin- 
uously differentiable on M. Furthermore, it follows from the introduced notation 
that the matrix ^i{t) is periodic with period T, and the matrix $2(^), which 



in 



is the product of the function ( — and a periodic matrix with period T, 
satisfies the condition 

$2(i + r) = -$2(t) (14) 

for all t e M. 

Let Iq denote the matrix 

\ 
\ -E2 J' 

where Ei and E2 are the identity matrices from M„_c;(R) and Mrf(R), respec- 
tively. Then 

A \ 



Y{T)h = 
and relation ( fT31 ) takes the form 



Bi 



Y{t) = ^2{t)) exp 1^ ln(y(r)/o)| . (15) 

Using I HM and the first equality in (Ej), we obtain 

X(i) = 5($i(t),$2(t))^-'exp|^5(ln(y(r)/o))5-i|. (16) 

Since 

S{ln{Y{T)Io))S-^ = ln{SY{T)S-'^SIoS~^) = ln(X(r)/), (17) 

where 

/ = SIoS-\ (18) 

relation ( JTBI ) takes the form of the required representation (II) under the con- 
dition that 

F = iln(X(r)/), (19) 

m = S{<^i{t),<^2{t))S-\ (20) 
Taking ( fTHj ) into account, we get 



)s-\ 



where Ei and E2 are the identity matrices of the corresponding orders. 
Using the expressions for Ii and /2, we obtain 

^t)h = S{<Pi{t),0)S-\ ^t)l2 = S{0, Mt))S^' (21) 
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for all t G R. In view of properties of the matrices and *^»2(^), relation ( I^Tl ) 
yields 

^{t + T)h = ^{t + T)l2 = -$(t)/2 

for all t G M, which completes the proof of assertion 2 of Theorem 3 in the case 
considered. 

Let d = n. In this case, we obtain the equality 

X{T) = SBS-^ 

instead of (E]), the equahty 

Y{t + kT) = {-l)^Y{t)B'l 
instead of (Ej), and the equahty 

y(i) = $2(^)exp||ln5i| 

and condition 

$2(t + r) = -$2(t) 

for ah i G R instead of ([I3j). 
We set 

lo = -E. 

Using the last two formulas, we obtain equality (II) of the form 

y(t) = $2(t)exp||ln(-y(i))|, 

where 

^=iln(-X(r)), GM,M, 

= S^2{t)S-\ ^{t + T) = ^{t) G M,,M, 

for all i G M, which completes the proof of assertion 2 of Theorem 3. 

We now pass to the proof of assertion 3 of Theorem 3. In this assertion, 
we separate two limiting cases, namely, the case where the matrix X{t) has a 
real logarithm and the second case where all eigenvalues of the matrix X{t) are 
negative and their elementary divisors are different. 

In the first case, assertion 3 of Theorem 3 follows from the Floquet relations 
(II) and (III), according to which the change of variables 



reduces the differential equation (I) to tfie differential equation 

dz 

— = Hz 
dt 

and guarantees the properties of the matrices H and indicated in Theo- 
rem 3. 

In the second case, assertion 3 of Theorem 3 is trivial: the change of variables 

X = z 

reduces the differential equation (I) to a differential equation with the same 
coefficient matrix: 

dz ^, . 

IE = 

Associating these limiting cases with the representation of the matrix X{T) 
via its real canonical form (Ej), we establish that the first case corresponds to 

X{T) = SAS^^ 

and the second case corresponds to 

X{T) = SBS-\ 

Thus, the only nonlimiting case in assertion 3 of Theorem 3 is the case where 

^eM„_d(E), BeMd{R), n>d>l. 

Assume that these conditions are satisfied. Then it follows from the proof of 
assertion 2 of Theorem 3 that the matrix Y{t) associated with the matrix X{t) 
by relation (E]) has the form (1X31). Denoting 



we represent ( TT^ in the form 



It follows from (IZ2I) that 



Y{t) [1' )- iU(t), V{t)) ' ) = U{t)e''^' , (23) 
where Ei is the identity matrix of order n — d. 



Differentiating equality (I23D witli regard for the first relation in (E]), we get 
Thus, 

+ Uit)Hi = S-^P(t)SU(t) (24) 

at 

for all t G M. 

The matrix Y{t) is the fundamental matrix of solutions of the differential 
equation 

^ = S-'P{t)Sy. (25) 

Let W{t) G M„rf(IR) for alH G M and let this matrix be continuously differ- 
entiable on R, periodic with period T, and such that 

det{U{t),W{t))j^O (26) 

for all t G M. 

The existence of this matrix follows from the theorem on a quasiperiodic 
basis in presented in [ 4 ] . 

In the differential equation (I25|). we perform the change of variables according 
to the formula 

y = U{t)yi + W{t)y2 . (27) 
Using equality (I24l). we obtain the differential equation 

.(.)(5-...).u^(.)f^(.-'p(w-^).. m 

Solving this equation with the use of the matrix 

(29) 



that is inverse to the matrix (U{t),W{t)), we obtain the following system of 
differential equations for and 



dt dt 



|i = H,y, + L,(t) (s-'P(t)SW(t) - ^) y, , (30) 
f = ^.(0 {s-^Pm, - ^-^) (31) 
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Since the coefficient matrix of system (BUI). (EI]) has a block-triangular form, 
the fundamental matrix of solutions of this system is the matrix 



the second column of which is formed by solutions of the system of differential 
equations (1301). ( 1311 ) with given initial values yi = Yi{0) and y2 = ^2(0) such 
that 

det Y2{0) ^ 0. (33) 

In view of (I27|). the matrix 

(C/{t),W'W)(^;" gj) (34) 

is a fundamental matrix of solutions of Eq. (ESD- Moreover, relation ([22]) also 
determines a fundamental matrix of solutions of Eq. (1251). According to the 
theory of linear differential equations, there exists the following relation between 
these two fundamental matrices of solutions: 

{U(t), V(t)) "g" ) C = {U(t), W{t)) ' ) (35) 

for all ^ G M, where C is a nonsingular constant matrix. Substituting t = into 
(1351), we obtain the following algebraic equation for the determination of the 
matrix C: 

{U{0), V(0))C = (C/(0). H'(O)) ^' ) . (36) 

Multiplying ( |55] ) by the matrix ( ] , we obtain 

V -^2(<Jj J 

( E, Li(0)y(0) \ / El yi(o)\ 

V L2(o)y(o) V ^2(0) ^""^ 

This equality implies that, first, 

det(L2(0),y(0)) 7^0 (38) 

and, second, for 

yi(o) = Li(o)y(o), y2(o) = ^2(0)^(0), (39) 

we have 

C = E. (40) 



Thus, determining the solutions ^ y|^| ^ of the system of differential equations 

(1301). ( I3T| ) with initial values (1391). we obtain the following equahty from ( 1351 ) 
and (HOD: 

(t^(^), ^(^)) ( '7 J.t ) = (t/W, WW) ( '7 JJ ) (41) 

for all t e M. 

Multiplying ( l¥B by matrix (12^. we get 

V L2(t)y(^) J\ e^^' J V y2(t) ; ' 

Thus, 

yl(^) = Ll(^)y(^)e^^^ (42) 

y2(t) = L2{t)V{t)e''^' (43) 

for all i G M. Since the matrix Y2{t) is nonsingular, we can determine the value 
of 6^2* from (1431). Substituting this value into (I42|). we establish that 

Yi{t) = Li{t)V{t){L2{t)V{t))-'Y2{t) (44) 

for all t e R. 

We rewrite the system of differential equations (15D|). ( l^Tl ) in the form of the 
system 



(it 

where 

Ri{t) = Li{t) { S-'P{t)SW{t) 



^- = Hm + Ri{t)y2. (45) 

G{t)y2, (46) 



(it 

dy2 



(it 

G(t) = L2(t) ( S-'P{t)SW{t) "^^^ 



Using the matrix 

F{t) = L,{t)V{t){L,{t)V{t))-\ (47) 
we rewrite equality ( I44l ) in the form 

yi(t) = F(t)y2(t). (48) 



Differentiating equality ( 1481 ) and taking into account tfiat tfie matrix ( ^ [1 ] 

is a block of the fundamental matrix ( I32| ) of solutions of the system of differential 
equations (BO), (EID [and, hence, of system (US), (USD], we get 

^ + Fit)Git) = H,F{t) + R,it) (49) 
for all t G R. Finally, performing the change of variables 

yi = zi + F{t)z2, y2 = Z2, (50) 

we obtain the system 

dzr{t) ^ dF^^^ ^ F{t)G{t)z2 = Hizi + HiF{t)z2 + Ri{t)z2, 



dt dt 

dz2{t) 



G{t)z2 



dt 

instead of the system differential equations (HHI). (HSj). By virtue of (H^. this 
system takes the form 

dzijt) dz2{t) 

IT = IT = ^^^^ 

Since the second equation of system ( l5Tl l coincides (to within notation) with 
Eq. (1461). the matrix ¥2(1) is a fundamental matrix of solutions of the second 
equation of system (I5T|). Then, according to relation (H5|). the matrix 

L2(t)y(t)e^^^(L2(0)y(0))-i (52) 

is a fundamental matrix of solutions of the second equation of system ( ISTI ) and 
is equal to the identity matrix for t = 0. Thus, the matrix 

(L2(r)y(r))e^^^(L2(o)y(o))-i (53) 

is the monodromy matrix of the second equation of system (IHTI). 

By definition, the matrix L2{t) is periodic with period T, the matrix V{t) 
satisfies the condition 

V{t + T) = -V{t), (54) 
and the matrix H2 has the form 

H2 = ^H-B). 

Taking into account the properties of the matrices L2{t), ^(^)? H2 presented 
above, we conclude that matrix ( 1531 ) has the form 



-L2(0)y(0))(-5)(L2(0)y(0))-i = L2(0)y(0)5(L2(0)y(0))-i. 
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Thus, it follows from the results presented above and the definition of the matrix 
B that the set of eigenvalues of matrix ( 1531 ) is either the set of all negative 
eigenvalues of the matrix X{T) or its subset. 

Consider the matrix F{t). The definition of this matrix [see (HZj)] and the fact 
that the matrices Li{t) and L2{t) are periodic with period T and the matrix 
V{t) satisfies condition ( 1551 ) imply that 

F{t + T) = {-L.mm-Htwit))-' = F{t) 

for all t e M. 

Thus, the matrix F{t) is periodic with period T. 

To complete the proof of assertion 3 of Theorem 3, it remains to take into 
account that the change of variables 

X = Sy (55) 

transforms the differential equation (I) into the differential equation (1251). There- 
fore, the superposition of changes (I55l). (I27f). and ( I25| ) transforms the differential 
equation (I) into the system of differential equations (EID, and both the change 
of variables and the differential equations of system ( 15T| ) themselves possess the 
properties indicated in Theorem 3. 

We now make several remarks on assertions 2 and 3 of Theorem 3. 

The first remark deals with relation (VI), which defines the matrix H. It 
follows from the proof of Theorem 3 that H is not always uniquely defined. 
This nonuniqueness is caused by the condition of decomposition of the canonical 
form of the matrix X{T) into blocks A and B according to which the matrix 
B can be either a block of the Jordan form of the matrix X{T) formed by all 
its Jordan cells corresponding to its negative eigenvalues or a block of this form 
obtained from the block indicated above by elimination of an arbitrary number 
of pairs of identical Jordan cells. 

The second remark deals with the minimum possible value of the order of 
the second differential equation of system (VIII). It follows from the proof of 
Theorem 3 that this order is also related to the condition of decomposition of 
the real canonical form of the matrix X{T) into blocks A and B and is equal to 
the minimum possible order of the matrix B of this decomposition. It follows 
from the first remark that the minimum possible value of the order of the 
second equation of system (VIII) is equal to the order of the matrix obtained 
from the Jordan form of the matrix X{T) by elimination of all Jordan cells 
corresponding to negative eigenvalues of the matrix X{T) and the maximum 
possible even number of identical Jordan cells of this matrix that correspond 
to its negative eigenvalues. 
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Also note that, according to the proof of Theorem 3, the matrix B is the 
Jordan form of the monodromy matrix Z2{T) of the second equation of system 
(VIII), and, hence, the fundamental matrix of solutions Z2{t) of this equation 
possesses all the corresponding properties. 

Finally, note that, by virtue of Theorem 2 and assertion 3 of Theorem 3, the 
differential equation (I) has the invariant manifolds 

= {x e : U{t)Li{t)x = x}, 

K'^it) = {xeW^: V{t)L2{t)x = x} 
periodic with period T, 

K''{t + T) = K^it), z/ G {(n - rf) V d}, 

for all t G M. Moreover, Eq. (I) is equivalent on K'^~^{t) to the first differential 
equation of system (VIII) and on K^{t) to the second differential equation of 
this system. 

Corollary. The fundamental matrix of solutions of the differential equation 
(I) X{t) admits the representation 

X{t) = $(t)e^'$+(0), (IX) 

where 

H G Mto(M), Z{T) is the monodromy matrix of the restriction of (I) to its 
periodic invariant manifold K^{t), $(t) is a periodic matrix with period T that 
satisfies the equation 

d^ 

—+^H=pm, (XI) 

^(t) e M„to(I^) for all t G M, $+(0) is a matrix pseudoinverse to the matrix 
$(0), and m = n -\- d, n > d >0. 

Indeed, according to the last remark, the differential equation (I) has the 
periodic invariant manifold K'^{t) on which Eq. (I) is equivalent to the sec- 
ond differential equation of system (VIII). Consider the system of differential 
equations 

J = PW.. J = GW., (56) 

which is formed of Eq. (I) and the second equation of system (VIII). Accord- 
ing to the proof of assertion 3 of Theorem 3, the real canonical form of the 
monodromy matrix of this system 



/ X{T) 
V Z{T) 



(57) 



is the matrix 

f A \ 

(58) 





where A and B are the blocks of decomposition of the real canonical form of 
the matrix X{T) such that the matrix A has a real logarithm. Since the matrix 

(59) 

is formed by pairwise identical Jordan cells, it has a real logarithm. Thus, the 
logarithm of matrix can be chosen real. Therefore, we can choose the real 
logarithm of matrix ( 1571 ) and define the matrix H according to relation (X) so 
that it satisfies the condition H G Mji+rf(IR), where d is the order of the matrix 
B. Applying the Floquet formula (II) to the fundamental matrix of solutions 
of the system of differential equations 



(60) 



(X(t) \ 

V Z(t))- 

we obtain 

fX(t) \ /4>i(*) 

V Z{t) J \'^2{t) 

where H is matrix (X) from the space Mji+£i(]R), ^i{t) and ^2{t) are periodic 
matrices with period T, and ^i{t) G M„„+rf(M) and $2(^) G Mrf„+d(^) for aU 
i G M. Differentiating equality (1501). we obtain the following matrix differential 

U2(t)/ 



equation for the matrix $(t) 



dt^ \ G(t) ) 

This equation implies that the matrix $i(t) satisfies the differential equation 
(XI). Finally, multiplying equality ( I5UI ) by the matrix $j^(0), which is pseudoin- 
verse to the matrix $i(0), we obtain the equality 

X{t) = $i(i)e^^$+(0), 

which coincides (to within notation) with (IX). 

5. Two Applications of Obtained Results 



5>n 



1. Let X G M", let P{t) be a continuous matrix periodic with period T, 
let P{t) G M„(M) for all t G M, and let X{t, x) be a function of variables t G M 
and a: G that takes values in MP' and is continuous for alH G M and x G M". 
Consider the differential equation 

^ = P{t)x + X{t,x). (1) 

Let 

X{t,x) = {). (2) 

Then the differential equation ([T]) has a fundamental matrix of solutions X{t)^ 
which can be represented in the form 

X{t) = $(t)e^^$+(0), (3) 

and, moreover, the properties of the matrices and H are determined in the 
corollary in the last section. 

To simplify the differential equation ([ID, we use relation (jSj). To this end, we 
change the variables in ([T]) by introducing a variable y G M™ instead of x G 
according to the relation 

X = ^t)y. (4) 

Taking into account that the matrix is a solution of the differential equation 
(XI), we obtain the following equality from ([T]) and 



m{j^-Hy^=X{t,<l>{t)y)- (5) 

We represent this equality in the form 

^^-Hy = ^^{t)X{tMt)y). (6) 

where ^^{t) is a matrix pseudoinverse to ^{t) that has the same smoothness 
and period as ^{t). In particular, as $^(t), we can take the first block of the 

matrix ($^(t), $^(t)), which is inverse to the matrix ^ $^(^| ^ defined by 

dy 

relation (EO) of the previous section. Solving Eq. (Ej) with respect to — Hy, 

LajL 

we get 

^ = Hy + ^^{t)X{t,my)- (7) 
at 



The selected linear part of Eq. ([Tj) has a constant coefficient matrix, and the 
general part preserves the properties of the corresponding part of the original 
equation ([T]). 
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2. Consider the differential equation 

^ = + (8) 

where X{x) is a continuously differentiable function of x and Xi{t, x) is a contin- 
uous function of t and x that takes values in MJ^ for alH G M and x G M", n > 2. 
Assume that, under the condition 

Xi{t,x) = 0, (9) 

Eq. (IH]) has a T-periodic solution 

x{t)=a^t), (10) 

where ^{(p) is a function periodic in (p with period 27r and u = — is the 

frequency of the periodic solution. 

The variational equation corresponding to the periodic solution ( TTUI ) of the 
differential equation (Ej) with condition ([9]) has the form 

This equation has the solution 

^^ = ^V), (12) 

where ' stands for the derivative with respect to the variable Lp. 
Indeed, by definition, we have 

ap^)^ = x{i{ip)). (13) 

Thus, 

= ^ailriv') (14) 

for all G M. Substituting ut for ip in ([Hj), we obtain the identity 

which proves the required statement. 

Let B[<p) be a continuously differentiable periodic matrix with period 27r, 
let B{p) G M„„_i(M), and let 

det(^'(^),5(v.))7^0 (16) 

for all G R. 

').'). 



Using the change of variables 

5^ = i'{ut)c + B{ut)g, (17) 
we reduce the variational equation ( ITT| ) to the differential equation 



^ {ujt)ujc + <^ M)— + B \ujt)ujg + B{iot)-^ = — -{^ {iot)c + B{ujt)g), 

Hit' Hit) yJ tLj 

or, with regard for ([Hj), to the equation 

c^c dg 

Solving this equation with respect to the derivatives — and — with the use of 

at at 

the matrix 



(18) 



V B+{ujt) 

which is inverse to {ut), B{ut)), we reduce ( ITTl ) to the system of differential 
equations 

f^ = (eicot)y{^^^^^ 

(19) 

^9 _ fdXiauJt)) 



dt 



B+{ut) (^^^|^5(a;t) - B '{ut)u^ g. 



According to the change of variables (fTTj). the monodromy matrix of the 
system of differential equations ([TSj) is similar to the monodromy matrix of the 
variational equation ([TTl). Thus, the eigenvalues of both monodromy matrices 
coincide. 

It follows from system ( [T^ that one of the eigenvalues of its monodromy 
matrix is equal to 1, whereas the other eigenvalues are eigenvalues of the mon- 
odromy matrix of the second differential equation of system (fT9f). Thus, the 
same is true for the eigenvalues of the monodromy matrix of the variational 
equation (ITTl). 

We denote the coefficient matrix of the second differential equation of system 
( fTOl ) by Q{ut)^ where Q{(p) is a periodic matrix with period 27r, and consider 
the differential equation 

f = Q{^t)g. (20) 

By virtue of the corollary in the previous section, the fundamental matrix of 
solutions of Eq. ( I2U| ) G{t) admits the representation 

G{t) = $(a;t)e^'$+(0), (21) 
9.:\ 



where 

^ = ^^^(T^ ) G M^(M), (22) 

2(n— 1) > m > (n — 1) , is the fundamental matrix of the restriction of the 
differential equation ( 12U| ) to its periodic invariant manifold K'^^^^^^\t)j ^{(f) 
is a periodic matrix with period 27r, ^{(p) G Mj^.i^ll^) for all G M, ^{(f) 
satisfies the differential equation 

^uj + ^H = Q{ip)^, (23) 
aif 

and $"^(0) is a matrix pseudoinverse to $(0). 

We now use the results obtained above for the introduction of amplitude- 
phase coordinates in the neighborhood of the closed curve 

x = ^iif),ifeR, (24) 

and for the reduction of the differential equation ([H]) in the neighborhood of this 
curve to a simpler amplitude-phase system of differential equations. 

To this end, we change the variables in Eq. ([H]) according to the relation 



x = a^) + B{if)g, (25) 

where B{(p) is the matrix defined above. 

Using equality (p!3|). we obtain the following differential equation instead of 

B'(,),)(g-.).i.(,)|. 

= Xi^if) + Biif)g) - Xi^if)) - B'iif)ug + X,{t, + B{if)g). (26) 

d(f dg 

We solve Eq. (1261 ) with respect to — uj and — by using the matrix 



Li{^,g) 



(27) 



that is inverse to {^'{(f) + B'{(p)g, B{(p)). 

Choosing a sufficiently small (5 > 0, one can easily construct matrix ( ETj ) for 

all 

^elR, lbll<'^, (28) 

on the basis of matrix ( fTHI ) by setting 



L2(^,0) i V 5+(^) 



(29) 
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Using (PBI). we obtain the system of differential equations 
^ = a; + Li(^, g)[Xia^) + B{ip)g) - Xi^if)) + ^(^) + Biif)g)], (30) 



We rewrite tfie differential equation ( I^Tl ) in the form 



f = + ^(^' 9) + i^2(^, ^/)Xi(t, ^(^) + Bi^)g), (32) 

where G((/?, g) denotes the function 

L2(^, g){X{aif) + 5(^)r/) - X(^(^)) - ?^^^I^B{^)g)+ 

+ (L2(^, ./) - L,{if, 0))^^^^5(^)^, (33) 
which satisfies the conditions 

G(^,0) = 0, ^^ = 0. (34) 

According to the definition of the matrix Q{ujt), the coefficient matrix of the 
selected linear part of the differential equation ( [32| ) coincides with the matrix 
Q{(p). Thus, Eq. (ESj) takes the form 

^ = Q{ip)g + G(^, r/) + L2(^, 5)Xi(t, ^(^) + 5(^)^). (35) 

Let ^{(p) and i7 be the matrices determined from representation (EI]) of a 
fundamental matrix of solutions of the differential equation (EO). With the use 
of these matrices, we transform the system of differential equations (EI]), (122]) 
by setting 

g = H^)h. (36) 
As a result, instead of (1551). we obtain 

+ L2(^, $(v:')/i)Xi(t, ^(^) + 5(^)$(^)/.), (37) 
or, taking into account that $(</?) is a solution of the differential equation (I23l). 

^(^) f^T - = ^(^)^) + ^2(^, H^)h)X,{t, ^if) + 5(^)$(^)/i). 



(38) 

9.F> 



dh 

Solving Eq. ( 1351 ) with respect to — Hh with the use of the matrix ^^{<^) 

(JjL 

that is pseudoinverse to ^{^), we obtain 
dh 

— = Hh + <P+{if)[G{if,^ip)h) + L2{if,^if)h)X,{t,a^) + B{if)<P{ip)h)]. (39) 

By virtue of the results presented above, the change of variables (ESD reduces 
the system of differential equations (ETj), ( 1321 ) to the system 

^ = c^ + /(^,V^,$(^)/i), (40) 
dt 

dh 

— = Hh + <P+{cp)F{t,ip,<P{cp)h), (41) 
dt 



where iif is a matrix of the form (1221 ) 



f{t,ip,g) = L,{ip,g)[X{a^) + B{if)g) - X(^(^)) + X,{t,a^) + B{if)g)], 
and 



F{t,(p,g) = L2{(p,g) 



X{a^) + B{ip)g) - Xia^p)) - ^^^^^B{^)g 



+ 



+ (L2(^,^) - L2(^,0))^^^5(^)^. 

The system of differential equations (HDI). (HI]) is the required one. 

Thus, by using the superposition of changes (ESj) and (ESj), and, hence, the 
change of variables 

x = a^) + B{if)^ip)h, 

the original differential equation dHj) can be reduced in the neighborhood of the 
closed curve ( HM to the system of differential equations (HO), dH]), where the 
functions /(i, if, g) and F(t, (/) are continuous in the variables and 5^ for 
t e M, G M, and g G R""\ \\g\\ < 6, take values in M and respectively, 
and are periodic in (f with period 27r, the matrix ^{(f) belongs to M„_i 
for all G M and is periodic with period 27r, the matrix H belongs to 
its eigenvalues are the numbers 

1 

f 



m 
'-mi 



-InXj, j = n-1. 



n-l 

and their ]9-fold repetitions, I > pj > 0, ^ pj = m— (n— 1), 2(n— 1) > m > (n— 1), 

and 1 and Ai, . . . , A„_i are the eigenvalues of the monodromy matrix of the vari- 
ational equation (fTTI). 

9.e, 



The reduction of the differential equations considered above to equations 
with the constant matrix of coefficients in their separated linear part is essential 
for the subsequent investigation of these equations. A confirmation of this 
statement can be found, e.g., in [5,6], where, however, the problem of this 
reduction was only partially solved. 
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YffK 517.9 

A. M. CaMOHJiGHKo (Ih-t MaTeMaTHKH HAH YKpamH, Khib) 

IIpo iHBapiaHTHi mhofobh^h JiiniHHHX ^HcJjepeHL^iajibHHX piBHHHb. II 



HpoflOBJKHMO /],ocjiifl>KeHHH, posnoHaTi B po6oTi [1]. 



o 

(N 



^ ! 3. EKBiBajiGHTHicTb JiimftHHX flHcJjepeHL^iajiBHHX piBHanb pisHHX 

nopHflKiB. 



5Ik i b [1], nosHaHHMO Hepes ^i{t) Ta ^2{t) 6jiokh HeBHpofl>KeHOi HenepepBHO 
■ flHcJ^epeHi^iiiOBHOi jiJiii Bcix t G M MaTpHii,i 



u 

Hepes ^i{t) Ta — 6jiokh oSepHGHOi ^{t) MaTpnii,! 

: ^t{t) G M™,(M), $2^(t) G M^™_,(R), 

Hepes Mi{t) = ^l{t)^i{t) Ta M2(t) = $f (t)$2(^) — npoeKTopn panriB n Ta 
m — n Bi/],noBi/],HO, Hepes M'^{t) Ta M^^~^{t) — rinepnjiomHHH 

M"(t) = {^GM™:2/ = Mi(tM, 

M"^""(t) = {7/ G M'"-" : Mi{t)y = 0} 
posMipiB riTam — n Bi^noBiflHO, nepes L{M, Q) — MaTpHHHHii onepaTop BHrjiH^y 

L(M, Q) = ^ + MQ- QM. 

TeopeMa 2. Hkui^o nidnpocmopu M'^{t) ma M"^~"(t), esnmi paaoM, e inea- 
piaHUiHUMU MHOzoeudaMU du(f)epeHii,iaAbH020 

I - (I) 

mo aaMma aumHux 

y = ^+{t)x + ^^^{t)z (II) 



seodumh v^e pieHHHHH do cucmeuu ducfjepenii^iaAbHux pienmb 
3 Mampuv^nMU Koecfjiv^ieHmie 

Pit)=(^^^ + Ut)Q(t)yt{t), (IV) 

G(«)= (^ + 1-2(*)g(«))4>J(*), (V) 

i HaenaKu: nKut^o ducfjepenii^iaAhHe pieHfiHHn (I) saMinow sMiuHux (II) seodu- 
mhcn do cucmeMU ducfjepenv^iaAhHux piennnh (III), mo nidnpocmopu M'^it) ma 
M'^~"'(t), eanmi paaoM, e meapianmHUMU MHosoeudaMU piensiHHM (I), a uampu- 
Vji Koecfjiv^ieHmie cucmeMU (III) eusHanawmhcsi cfjopMyAttMU (IV), (V). 

^iiicHO, Hexafi niflnpocTopn M'^{t) Ta M^~^{t)^ bsotI pasoM, e iHsapiaHTHH- 

MH MHOrOBH^aMH piBH5IHH5I (I). Tofli SriflHO 3 TBepfl>KeHH5IMH 2 OCHOBHOl TeOpeMH 

po6oTH [ 1] Ha M'^{t) Ta M'^^'^it) piBH5iHH5i (I) eKBiBajieHTHe Bi^noBiflHO nepmo- 
My Ta flpyroMy 3 piBH5iHb CHCTeiviH (III), npHHOMy 3 MaTpHn,HMH Koe4)iii,ieHTiB 
ii,Hx piBHHHb, BH3HaHeHHx (|)opMyjiaMH (IV) Ta (V) BiflnoBiflHO. Hexaii Y{t)^ ^{t) 
Ta Z{t), Y{0) = E", X{0) = E to. Z{0) = — 4)yHflaMeHTajibHi MaTpnu,! 

p03B'5I3KiB piBHHHb (I) Ta (III), E — OflHHHHHi MaTpHII,! BiflnOBi^HHX p03MipiB. 
3ri;],H0 3 TBepfl>KeHH5IMH 2 OCHOBHOl TeOpeMH p060TH [ 1 ] MaeMO CHiBBiflHOmeHHH 

Ymtio) = ^t{t)x{t), vmuo) = <^t{t)z{t) (1) 

p^jisi Bcix ^ G M. OT>Ke, y BiflHOBi^nocTi ^o (II]) 

y(t)(3.r(0), $+(0)) = {<S>t(t), $?(«)) ( ) (2) 

p^jin Bcix i G M. I3 ([2]) BHHjiHBae piBnicTb 

Y{t) = $+(^)X(t)$i(0) + <PUt)Zm2{0) (3) 

P^Jlil BCix t G M. TaKHM HHHOM, flJIH /],OBijIbHOrO IjQ G M™ 

Y{t)yo = ^t{t)X{t)xo + <PUt)Z{t)zo (4) 
Bcix t G M Ta xo, ^0, BH6paHHx 3riflH0 3 yMOBOio 

Xo = $1(0)7/0, 2:0 = $2(0)?/0- 

PibHicTb 01]) 5iKpa3 i 03HaHae, m,o 3aMiHa 3MiHHHx (II) 3B0flHTb flH4)epeHH,iajibHe 
piBHHHHH (I) CHCTeMH flH4)epeHn,iajibHHx pibH^Hb (III). 



9. 



Hexaii Tenep flH4)epeHLi,iajibHe piBH5iHH5i (I) saiviiHOio SMinHHx (II) SBOflHTbc^^ 
CHCTeMH /],H4)epeHi],iajibHHx piBH^Hb (III). OcKijibKH ni/],npocTopH z = Ta 
a: = e iHBapiaHTHHMH MHoroBH^aMH CHCTeMH (III), to 3 Li,boro Ta saMinn (II) 
BHnjiHBaiOTb cniBBi/],HomeHH5i ([I]), a 3 hhx — cniBBiflHomeHHH 

xit) = $i(t)y(^)$+(o), zit) = ^2it)Ym+io) (5) 

fl^jiii Bcix t G M. 

niflCTaBjiHioHH ([5]) y (|)opMyjiH ([T]), OTpHMaeMO, mo 

y(t)$+(o) = Mi(^)y(t)$+(o), Ymtio) = M2{t)Ymtio) (6) 

p^jiii Bcix t G M. 

Is nepmoro cniBBi/],HomeHH5i (I6]) BHnjiHBae, mo 

yit) = M^{t)y{t) {7) 

flji5i 6yflb-5iKoro posb'siSKy y{t) piBHHHHH (I), 5ikhh 3aflOBOJibH5ie yMOBy 

y{0) = $+(0)c, (8) 

fle c — flOBijibHa CTajia 3 M". OcKijibKH tohkh ([S]) sanoBHiOKDTb ni;],npocTip M"(0), 
TO 3riflH0 3 (171) iHTerpajibHi KpHbi (t, 2/(^)) piBHHHHH (I), mo npn t = npoxofl^b 
Hepe3 TOHKH niflnpocTopy M"(0), Hajie>KaTb ni^npocTopy M'^{t) 6y/],b-5iKoro 
t G M. LI,boro flocTaTHbo, mf)6 niflnpocTip M'^{t) 6yB iHBapiaHTHHM MHoroBH^OM 

piBHHHHH (I). 

I3 flpyroro cniBBi;],HomeHH5i (E]) BHnjiHBae, mo 

y{t) = M2{t)y{t) (9) 
p^jiii 6yflb-aKoro po3B'a3Ky y{t) piBHHHHH (I), 5ikhh 3a/],0B0JibHae yiviOBy 

y{0) = $2^(0)c, (10) 

fle c — flOBijibHa CTajia 3 R'"""". 

AnajioriHEi flo HaBefleHHx BHme MipKyBaHHH flOBOfl5iTb, mo ni^npocTip 

Mr^'it) = {y^ IK"^"" : y = M2{t)y} 

e iHBapiaHTHHM MHOFOBHAOM piBH5IHH5I (I). 

SriflHO 3 jieMOK) 1 po6oTH [ 1 ] Mae MicH,e piBnicTb 
flji5i 6yflb-5iKoro i G M. LI,e flOBOflHTb, mo niflnpocTip M™~"(t) e iHBapiaHTHHM 

MHOrOBHflOM flH4)epeHH,iajIbHOrO piBH5IHH5I (I). TaKHM HHHOM, HiflHpOCTOpH M^{t) 



Ta M"^~'^(t), B35ITi pa30M, e iHBapiaHTHHMH MHOrOBH^aMH piBHHHHH (I). SriflHO 3 

TBepfl>KeHH5iMH 2 ocHOBHOi TeopeMH [ 1 ] ii,boro /],ocTaTHbo fljiH Toro, mo6 cnpaB- 
fl>KyBajiHC5i 4)opMyjiH (IV) Ta (V). 

Hexaii F{t) e Mp^(M), n > F+{t) e Mp„(M), rankF(t) = F{t) Ta 
F^{t) e HenepepBHO flH4)epeHii,iH0BHHMH 4)yHKi],mMH fljia Bcix t G M. KpiM Toro, 
Hexaft F^{t) e MaTpHii,eio, nceB/],oo6epHeHoio ^ji^^ MaTpni],! F{t), K{t) = F^{t)F{t). 
HapeniTi, nexaii ni^npocTip 

KP{t) = G : x = K{t)x} 

e iHBapiaHTHHM MHoroBH^OM /],H4)epeHii,iajibHoro piBH5iHHa 

i Li,e piBH5iHH5i Ha K^it) GKBiBajieHTHe /],H4)epeHLi,iajibH0My pIbhsihhk) 

I = m>- (VII) 



Ha3BeMo: 

CHCTGMy /],H4)epeHii,iajibHHx piBH5iHb (III) deKOMnosuv^ieTO flH4)epeHij,iajibHoro 

piBH5IHH5I (I), 5IKmO 3aMiHa 3MiHHHX (II) 3B0flHTb 11,6 piBH5IHH5I flO CHCTeMH piBH5IHb 

(HI); 

flH4)epeHij,iajibHe piBHHHHsi (VII) seyjfceHH^M /],H4)epeHi],iajibHoro piBH5iHH5i 
(VI) Ha niflnpocTip K^ii:)^ j5Km,o ni^HpocTip K^it) e iHBapiaHTHHM mhofobhaom 
piBHHHHH (VI) i Ha KP{t) H,e piBH5iHH5i eKBiBajieHTHe flH4)epeHH,iajibH0My pibHsin- 

HK) (VII). 

flH4)epeHH,iajibHi piBH^^nnsi (I) Ta (VI) 6yfleM0 Ha3HBaTH eKBiBajieHTHHMH, 5iKm,o 

piBH5IHH5I (VI) pa30M 3 HOrO 3By>KeHH5IM Ha K^~^{t) (VII) e /],eK0MH03HH,ieK) piB- 
HHHHH (I). 

3a BH3HaHeHH5IM 4)yH/],aMeHTajIbHi MaTpHH,i p03B'5I3KiB eKBiBajieHTHHX J\VLd^e- 

peHH,iajibHHx piBHHHb B3aeMH0 BH3HaHaiOTbC5i oflHa Hepe3 oj\ny Ta Hepe3 MaTpHH,i, 
HKi BH3HaHaK)Tb iHBapiaHTHi HiflHpocTopH H,HX flH(|)epeHH,iajibHHx piBHHHb. flin- 
CHO, 3ri/],H0 3 HaBefleHHMH BHm,e 03HaHeHH5iMH Ta 3 ypaxyBaHHHM Toro, m,o 

G{t) = R{t) (11) 

Bcix t G M, CHpaBe/],jiHBHMH e CHiBBi/],HomeHH5i ([T]) Ta 

X(t)F+(0) = F+{t)Z{t) (12) 

Mi>K 4)yH/],aMeHTajibHHMH MaTpHH,5iMH po3B'5i3KiB Y {t) ^ ^ {t) Ta Z [t) fl^nc^epeni^i- 
ajIbHHX pibHHHb (I), (VI) Ta (VII). 
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I3 Ta ([12]) BHnjiHBae, mo 



Y{t) = i^t{t)x{t) + ^ut)Fm{t)F+m 



$i(0) 

$2(0) 



= ^tmmm + $+(t)F(t)x(t)F+(o)$2(o), (13) 

X{t) = ^,{t)Ymt{0) (14) 
flji5i Bcix t G M. CniBBiflHomeHHH (p!3|). ([HI) BHSHanaiOTb BsaeMOSB'sisoK Mi>K (]3yH- 

flaMeHTajIbHHMH MaTpHI],HMH p03B'5I3KiB eKBiBajieHTHHX flHcJiepeHI^iajIbHHX piB- 
H5IHb (I) Ta (VI). 

HoHHTTH eKbiBajieHTHOCTi flH4)epeHii,iajibHHx pibH^Hb m-ro Ta n-ro nop^flKib 
BHSHaHeno BHine flji5i 

m > n > m — n. 
Horo jierKO nomnpHTH na BHnaflOK, kojih 

m = 2n. (15) 

^incHO, ocKijibKH npocTip M" e iHbapiaHTHHM MHoroBHflOM flH(|)epeHi^iajibHoro 
piBHHHHH (VI) i Ha HbOMy piBHJ5HH5i (VI) GKBibajieHTHe flH(|)epeHi],iajibHOMy pib- 
HHHHK) (VII) 3 Tieio caMOK) MaTpHi];eK) Koe4)iii,ieHTib, to y bHna^Ky ([15]) eKbiba- 
jieHTHicTb /],H4)epeHi],iajibHHx pibHHHb (I) Ta (VI) bHsnaHaeTbcsi fleKOMno3Hii,ieio 

pibHHHHH (I) flO CHCTeMH pibH5IHb 

Is HabeflGHHx bHine pesyjibTaTib bnnjiHbae HacTynHe Tbepfl>KeHH5i. 
Hacjii^oK. /JucjjepeHu^iaAbHi (I) ma (VI) eKeieaAeHmni modi u au- 

me modi, koau 

L(M{t), Q{t)) = 0, L(K{t), P(t))K{t) = 0, (VIII) 
^'"'^'^ + Ut)Q(t}) $J (t) = + F(t)P(t)] (t) (X) 



\ dt -V / -V /y z V / ^ 

dA^ ecix t G M. 

Cnpabfli, Hexaii flH(J)epeHii,iajibHi pibH5iHHJ5 (I) Ta (VI) eKbibajieHTHi. To^i Mae 
Micii,e /],eKOMno3Hn,i5i pibHHHHH (I) pfl CHCTeMH (III), Apyre 3 pibHHHb 5ikoi e 3by>Ke- 

Ha i^™~"(i) flH4)epeHI],iajIbHOrO pibH5IHHJ5 (VI). I3 bH3HaHeHH5I fleK0Mn03H- 

Li,ii Ta TeopeMH 2 bnnjiHbae, mo ni;],npocTopH M^{t) Ta M'^^'^it) e inbapiaHTRHMH 



MHoroBH^aMH flH4)epeHLi,iajibHoro piBHHHHH (I), a is Bwananenn^i 3By>KeHH5i ^h- 
(|)epeHi],iajibHoro piBH5iHH5i (VI) na ni/],npocTip K'^^'^it) BHnjiHBae, mo K^^'^{t) 

e iHBapiaHTHHM MHOrOBH^OM I],bOrO piBHHHHSI. SriflHO 3 TBep/],>KeHH5IMH 1 Ta 2 
OCHOBHOl TeOpeMH p060TH [ 1 ] II,bOrO flOCTaTHbO, IH06 BHKOHyBajIHCb CnibBiflHO- 

meHHH (VIII) Ta (IX). KpiM Toro, ij,boro /],ocTaTHbo, mo6 MaTpHii,i Koe4)iii,ieHTiB 
/],H4)epeHii,iajibHHx pibHsiHb (I), (III) Ta (VII) saflOBOJibH^^jiH cniBBiflHomenHH 

Git)=(^^^ + Mt)Qit))^tit). (16) 
Rit)=^^ + Fit)Pit))F+it) (17) 



dt 
Ta 

G{t) = R{t) (18) 

p^jiii Bcix ^ G M. 

OcTaHHe 3 HaBefleHHx BHme cniBBiflHomeHb flOBOflHTb pibHicTb (X). 

Hexafi EHKonyiOTbCH cniBBiflHomeHHH (VIII) - (X). Tofli 3riflH0 3 TBepfl>KeHH5i- 
MH 1 Ta 2 OCHOBHOl TGopeMH poGoTH [ 1 ] HiflHpocTopH M'^{t) Ta M™~"(t) 6 iHBapi- 
aHTHHMH MHoroBH^aMH flH4)epeHH,iajibHoro piBH5iHH5i (I), a niflnpocTip K^~^^{t) 
— iHBapiaHTHHM MHoroBHflOM flH(|)epeHn,iajibHoro piBHHHHsi (VI), npn n,bOMy Ma- 
TpHn,i Koe4)iH,ieHTiB BiflHOBiflHHx flH4)epeHn,iajibHHx pibH^Hb G{t) Ta R{t) BH3Ha- 
HaiOTbC5i CHibBiflHomeHHHMH ( HM Ta ( p!7| ). OT>Ke, 3riflH0 3 yMOBOio (X) 3aflOBOJib- 

H51K)Tb pibHiCTb ( ITHI ). SbiflCH BHHJIHBae, m,0 y BiflHOBi^HOCTi 3 TeOpeMOK) 2 fleKOM- 

H03Hn,ieK) flH4)epeHn,iajibHoro pibHHHHH (I) e CHCTeivia flH4)epeHn;iajibHHx pibHHHb 
(III), Apyre 3 pibHSHb hkoi e 3By>KeHH5iM flH4)epeHn,iajibHoro pibHHHHsi (VI) na 
HiflHpocTip K^^^{t). Y[e flOBO^HTb, m,o i3 CHiBbi^HomeHb (VIII) - (X) BHHjiHbae 
eKbibajieHTHicTb /],H4)epeHn,iajibHHx pibHHHb (I) Ta (VI) 3ri/],H0 3 BH3HaHeHHaM 

OCTaHHbOl. 

Bifl3HaHHM0, mo HpH 171 = 2n yMOBH (VIII) - (X) CHpon];yiOTbC5i 3a paxynoK 
Toro, mo B flanoMy BHnaflKy MaTpHu,i F[t) Ta K{t) e o^hhhhhhmh, Ta 3B0/],HTbCH 
pfl CHibBi^HomeHb BHrjia^y 

L(M(t),Q(t)) = 0, P(t)=(^^ + ^,{t)Q(t)\iS>t{t) = 

Gyflb-HKoro t £ M. 

3ayBa>KHM0 TaKO>K, m,o eKbibajieHTHicTb flH{J)epeHH,iajibHHx pibHHHb (I) Ta (VI) 
osnanae CHpaBefljiHbicTb CHibbiflHomeHb 

YmtiO) = <^t{t)X{t), YmUO) = ^t{t)F{t)X{t)F^O) (19) 



Mi>K 4)yHflaMeHTajIbHHMH MaTpHLI,5IMH p03B'5I3KiB piBHHHb (I) Ta (VI) Y [t) TO. 

a TaKO>K ycix inrnHx cniBBiflHomeHb, siki MO>KHa OTpniviaTH 3 ([I2j) nepeTBO- 

peHHHMH OCTaHHix. 

4. /],oflaTOK flo xeopii Ojiokg — JlanyHOBa. 

Po3rjiHHeMO jiiHiHHe /],H4)epeHii,iajibHe piBH5iHH5i 

fl^e X ^ M", P{t) G M,i(IR), — HenepepBHa Ta nepio/^Hnna 3 nepio/],OM T 
MaTpHn,5i. 

OyHflaMeHTajIbHa MaTpHII,5I p03B'5I3KiB piBHHHHH (I) X{t), -^(0) = ^) 3ri/],H0 

3 BiflOMOK) TeopeMOK) r. OjioKe [ 2 ] Mae npeflCTaBjienHH 

X{t) = me^\ (II) 
fle $(t) — nepioflHHHa 3a 3MiHH0K) t 3 nepioflOM T MaTpHi],5i, iif — CTajia MaTpHii,5i, 

mo BH3HaHaeTbC5I MaTpHLl,eK) MOHOflpOMil X{T) piBHJ5HH5I (I) 3a 4)0pMyjI0K) 

H = ^lnX{T). (Ill) 

JIorapHcJiM — 6araT03HaHHa (|)yHKii,m, i ftoro fliiicHe snanennsi He 3aB>KflH icnye. 
OT>Ke, (j^opMyjia (I) 3 MaTpHi],eK) (III) TaKoio, mo 

H e Mn{R), (IV) 

He 3aB>KflH cnpaB;],>KyeTbC5i. Sri^HO 3 Teopieio MaTpni^b [3] yMOBa (IV) bhko- 
HyeTbCH TOfli ii jiHine TOfli, kojih KO>KeH ejieMeHTapHHH flijibHHK, mo bi^noBiflae 
Bifl'eMHHM BjiacHHM 3HaHeHHHM MaTpHi],i X{T), noBTopK)eTbC5i napny KijibKicTb 
pa3iB. OT>Ke, jiHine y Li,bOMy BHnaflKy piBHicTb (II) cnpaBfl>KyeTbC5i 3 MaTpHii,5iMH 
$(t) Ta H 13 npocTopy fliftcHHx MaTpHi],b M„(IR). 

y bHnaflKy, kojih yMOBy (IV) ne MO>KHa 3aflOBOJibHHTH, npeflCTabjieHHsi F. Ojio- 
Ke (II) icHye jiHine 3 MaTpHij,5iMH $(i) Ta H i3 npocTopy M„(C), ^e C — njiomHHa 
KOMnjieKCHHx HHceji, a6o >k ii,e npe^CTaBjieHHsi TpaHc4)opMyeTbC5i y pibmcTb (II) 
3 fliHCHHMH MaTpHi],5iMH ^{t) TO. i7, nepma 3 5IKHX 6 nepioflHHHOK) 3 nepioflOM 2r, 
a flpyra BH3HaHaeTbC5i 4)opMyjioio 

H = ^lnX{2T). (V) 

npeflCTabjieHH5i P. OjioKe (II) 3 MaTpHij,eio (V) — ij,e nacjiiflOK Ha5iBH0CTi cepe/i, 

BJiaCHHX 3HaHeHb MaTpHII,i MOHOflpOMil piBH5IHH5I (I) Bifl'eMHHX HHCejI. 
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PosrjiHHeMO fleTajibnime flH4)epeHD;iajibHe piBH5iHH5i (I) caMe is TaKOio BjiacTH- 
BicTK) iioro MaTpHD;i MOHOflpoMii Ta flOBefleMO fljiH Hboro HusKy TBepflJKenb, neBi- 
flOMHx panime. 

TeopeMa 3. HexaU Mampuv,^ Koec^iv^ieHmie du^epeni^iaAhHOdo piennHHR (I) 
P{t) G M„(R) dAR 6ydh-RK020 t G M, Henepepena na R ma nepiodunna sa t 3 
nepiodoM T. 

Todi: 

1. AA2e6paiHHa KiAhKicmh eid'eMHUx eAacHux SHanewb Mampuv^i MOHodpouii 
X{T) piGHRHHR (I) p e napnuM hucaom. 

2. PieHicmh (II) cnpaedotcyemhCR dAR Mampwui 

H = ^HX{T)I), (VI) 

de I — diucna Mampuv^R, eusHauena yMoeauu 

I^ = E, ln(X(r)/) e M„(]R), 
ma nepioduHHo'i Mampuv^i $(t) manoi, ui^o 

^{t + T)/i = ^t)h, ^{t + T)/2 = -$(i)/2 (VII) 
Oar ecix t ^W, de 

E+I E-I 
2 ' 2 

3. IcHye HeeupodcHcena Henepepeno du^epeHi^iUoGHa ma diUcHa dAR ecixt G M 
MampwuR {U{t), V{t))^ nepioduHua 3 nepiodoM T i mana, m^o sauma smihhux 

x = U{t)zi + V{t)z2 

aeodumh ducpepem^iaAbHe piOHRHHR (I) do cucmejHU ducfjepeHv^iaAbHux pieuRHb 

y RKo'i Hi — cmaAa, G{t) — nepioduuna 3 nepiodoM T Mampuii^i ma MHOoicuHa 
GAacHux snaueHh Mampui^i MonodpoMU Z2{T) dpysoso ii pighrhhr e a6o mho- 
otcuHOK) ecix eid'cMHUx eAacHux snaueHh Mampui^i X{T), a6o u nidMHOCHCUHOK). 
JIji^ flOBefleHHii TeopeMH BHKopncTaeMO npe^CTaBjieHHii MaTpHu,! X(T) i'l TKopp^a,- 

HOBOK) 4)0pM0K) J(A) 

X{T) = SJ{X)S-'^ 



Ta OTpHMaeMO piBHlCTb 



n 



detX(T) = []A,, (1) 



mo noB'5i3ye BHsnaHHHK MaTpnu,! X{T) 3 i'l BjiacHHMH SHaHeHHHMH A^^, z/ = 1, n. 

Tenep sacTOcyeMO 4)opMyjiy JliyBiji5i - OcTporpaflCbKoro - 5lKo6i Ta noflaivio 
BHSHaHHHK MaTpHi],! X{T) Hepes cjiifl MaTpHii,! Koe4)iii,ieHTiB piBHHHHH (I) 

det X{T) = exp {tr P{t)dt} . (2) 

HpHpiBHIOIOHH npaBi HaCTHHH 4)opMyji ([I]) Ta (12]), OTpHMaeMO piBHiCTb, sKa ^o- 
BO;],HTb, mo 

n 

n^->o- (3) 

OcKijIbKH 3 K0>KH01 napH K0MnjieKCH0-Cnp5I>KeHHX BJiaCHHX SHaHeHb MaTpHii,i X{T) 

y flo6yTKy Bcix i'l BjiacHHx SHaneHb OTpniviyeTbcsi j\oj\dJTYie hhcjio, to 3 (ED bhejih- 
Bae, mo flo6yTOK Bcix Bifl'eMHHx BjiacHHx SHa^eHb MaTpHii,i X{T) TaKO>K e flo^a- 
THHM HHCJiOM. Ot^kg, ajire6paiHHa KijibKicTb Bifl'eiviHHx BjiacHHx snaHeHb MaTpHii,! 
X(r), to6to cyivia, 5iKy CKjia^aiOTb KpaTHOCTi 5ik Kopeni xapaKTepncTUHHoro pib- 

HHHHH BCix piSHHX Bifl'eMHHX BJiaCHHX 3HaHeHb MaTpHII,i X{T)^ e napHHM HHCJIOM. 
riepm Hi>K flOBOflHTH TBepfl>KeHHJ5 2 TeOpeMH 3, 3ayBa>KHM0, mo KOJIH MaTpHII,5I 

X{T) Mae fliHCHHii jiorapHcj^M, to, noKjiaBinn I = MO>KHa SBecTH piBHOCTi (II), 
(VI) flo 4)opMyji r. OjiOKe (II), (III) 3 MaTpHii,eio $(r), 5iKa Mae BjiacTHBOCTi, mo 
BHnjiHBaiOTb 3 ij,Hx 4)opMyji Ta BKa3aHi y TBep/],>KeHH5ix 2 TeopcMH 3. 

Otjkc, 3ajiHmHjiocb po3rjiJ5HyTH BHna^OK, kojih MaTpHi],5i X{T) Mae Bi^'eMHi 
BjiacHi 3HaHeHHJ5 Ta ne Mae fliiiCHoro jiorapH(J)Ma. B i^bOMy BKna^Ky fliftcny Ka- 
HoniHHy 4)opMy MaTpHii,i X{T) MO>KHa no^aTH y BHrjia^i po36htth na ^Ba 6jiokh 
^4 Ta 5, npHHOMy A a6o nopojKHift, a6o Mae fliftcHHft jiorapH4)M, a B Mae jiHine 
Bifl'eMHi BjiacHi 3HaHeHH5i Ta He Mae flificHoro jiorapncJiMa. 

Hexafi B G Md(M), 

n> d. (4) 

Toj\i BHK0HyeTbC5I pibHiCTb 

X(T) = s(;^ ° (5) 

fle (S, ^4 Ta 5 — J\mcm MaTpHU,! 3 bKa3aHHMH BHme BJiaCTHB0CT5IMH J\J151 A TO. B. 

IloKjiafleMO 

Y{t) = S-^X{t)S, Bi = -B. (6) 

OcKijIbKH 3riflH0 3 bJiaCTHbOCT5IMH (JiyHflaMeHTajIbHOl MaTpHn,i p03B'5I3KiB 
piBHHHHH (I) 

X{t + T) = X{t)X{T) , (7) 
TO i3 (E]), (ED Ta d?]) BHnjiHBae, mo 

Y{t + kT) = S-^X{t)X''{T)S = S-^X{t)SS-^X''{T)S = 







= ( i ) = 

p^jin 6yflb-aKoro ii,ijioro k. 

HoflaMO Y{t) y Gjiohhomy BHrji5i;],i 



y(t) = (yi(t),y2(t)). 







(8) 



(9) 



y3ro/],>KeHOMy 3 po36htt5im (5) MaTpHii,i X{T) Ha 6jiokh A Ta B . To^i 3 4)opMyji 
o/],ep>KHMO cniBBi/],HomeHH5i 

yi(t + kT) = Yi{t)A\ Y2{t + kT) = {-lfY2{t)B'[ (10) 



6yflb-5iKoro ii,ijioro /c. 
OcKijibKH BjiacHi HHCJia MaTpHu,! Bi b CHjiy Busnanennii ij,iei MaTpHii,i 
flaTHi, TO o6HflBi MaTpHLi,i ^4 Ta 5i MaiOTb fliftcHi jiorapH4)MH ln74 Ta InBi. 
BpaxoByiOHH BHRjiaflene BHine, i3 ( ITUj ) OTpHMyeMO, mo 



= n f ^ - 



AO- 











' t' 






r + 




=Yi(^t- 




r) 


T 


f 


f 





t 

f 



= -DWYo t 



(- 


't' 


f 


(- 


' t' 


T 



T j exp 

r + 

T ] exp 



t 

f 



T-.)i^}exp{lln^}, 



ii: 



t 

f 



T] = Yo t 



t' 
f 



T 



t 

f 



r-t)i^^|exp{ilnB,} (12) 



p^jiii Bcix t G M, fle [t] 03HaHae ii,ijiy ^acTHHy HHCJia 

IlosHaHHMO MHO>KHHKH nepefl exp 1 — In A j- Ta exp j" ^ (j^opiviyjiax 

(in]) Ta (II2D Hepe3 ^i{t) Ta $2(^) BiflnoBiflHO. Tofli 3riAH0 3 ©, ([II]) Ta ([I2D 

0/],ep>KHMO piBHiCTb 



y(i) = ($i(t),$2(t)) 



exp l^ln^ 



V 









exp I ^ In 5i 



\ 



(13) 



flji5i Bcix t G M, 3 5IK01 BHnjiHBae, mo MaTpHLi,i ^i{t) Ta ^2{t) HenepepBHO p^Rc^e- 
peHi],iHOBHi Ha M. KpiM Toro, 5ik bh^ho i3 BBep^ewx no3HaHeHb, MaTpHLi,5i ^i{t) 
e nepioflHHHOK) 3 nepioflOM T, a MaTpHi],5i $2(^) flo6yTOK 4)yHKij,ii (— I)!?] na 
nepio/],HHHy 3 nepio^OM T MaTpHLi,K) 3a/],OBOJibH5ie yMOBy 



$2(^ + r) = -$2(^) 

in 



(14) 



flJI5I Bcix t G M. 

IloSHaHHMO HepeS Iq MaTpHLI,K) 



El 
-E2 



pfi El Ta E2 — o;],HHHHHi MaTpHi],i is M„_(;(R) Ta M(i(R) BiflnoBi;],HO. Top}. 

Y{T)Io = 
i 4)opMyjia ( ITBI ) Ha6yBae BHrji5i/],y 



^ \ 
5i J ' 



y(i) = $2(t)) exp |1 in(y(r)/o)| . (15) 

Is ( IT5| ). BpaxoByiOHH nepmy s piBHOCTefi (ED, OTpHMyeMO 

X(i) = 5($i(t),$2(^))^-'exp||5(ln(y(r)/o))5^i|. (16) 

OcKijIbKH 

S'(ln(y(r)/o))5'-^ = ln{SY{T)S~^SIoS-^) = ln{X{T)I), (17) 

/ = SIoS-\ (18) 
TO (Il6j) Ha6yBae BHrji5ifly Heo6xiflHoro HaM npeflCTaBjieHH5i (II) sa yMOBH, mo 

H = ^HX{T)I), (19) 

m = S{<^i{t),<^2{t))S-\ (20) 
BpaxoByiOHH (fTBI). OTpniviyeMO 
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^ y ' " V 

fle £"1 Ta E2 — OflHHHHHi MaTpHI],i BiflnOBiflHHX posMipiB. 

Ha niflCTaBi BHpasiB p^jiii Ii Ta I2 Oflep>KyeMO piBHOCTi 

mh = S{^i{t), {))S-\ = S{0, <^2{t))S-' (21) 

p^jiii Bcix i G M. Is ( nil 3 ypaxyBaHHHM BjiacTHBOCTeii MaTpHi],b ^i{t) Ta $2(^)5 
BHnjiHBaiOTb cniBBiflHomeHHH 

<^{t + r)/i = $(t)/i, $(t + r)/2 = -<^{t)i2 

1 1 



Bcix t G M, mo H saBepmye flOBe^eHH^^ TBepfl>KeHH5i 2 TeopeMH 3 y posrjisi- 
flyBanoMy BHna^Ky . 

Hexaii d = n. Tofli saiviicTb ([5]) OTpHMyeMO piBHicTb 



X{T) = SBS 



-1 



saMicTb (jSj) — piBHicTb 



saMicTb ( \T3\ ] — pibHicTb 



Ta yMOBy 

fljiH Bcix t G M. 
IToKjiafleMO 



y(^) = $2(^)exp||ln5i| 
^2{t + T) = -$2(t) 



Ta 3 flBOX OCTaHHix 4)0pMyjI OTpHMaeMO piBHiCTb (II) BHrjI5Ifly 

y(t) = $2(^)exp||ln(-y(t))|, 

H = ^\n{-X{T)), HeM^R, 

^{t) = S^2it)S-\ ^{t + T) = $(^) G M„M 

p,ji5i Bcix t G M. IJ,e H saBepmye flOBe^eHKH TBepfl>KeHH5i 2 TeopeMH 3. 

IlepeHfleMO flo flOBefleHH^^ TBep^^Kenb 3 TeopeMH 3 Ta BHOKpeMHMO 3 hhx ^Ba 
rpaHHHHi BHHaflKH: HepniHH, kojih MaTpHn,^ X{t) Mae flincKHH jiorapH(|)M, i flpy- 
rnii, kojih Bci Bjiacni 3HaHeHH5i MaTpnn,! X{t) Bi^'eMHi Ta cepe^ i'x ejieMeHTapHHx 
flijibHHKib HeMae oflnaKOBHx. 

y nepmoMy BHna^Ky TBepfl>KeHH5i 3 TeopeMH 3 BHHjiHBaiOTb is 4)opMyji P. Ojio- 
Ke (II), (III), 3riflH0 3 5IKHMH saMina smIkkhx 

SBOflHTb flH4)epeHn;iajibHe piBHHHHH (I) flo flH(|)epeHn,iajibHoro piBH5iHHJ5 

dz 

— = Hz 
dt 

Ta 3a6e3HeHye Ha^BmcTb BKasannx b TeopeMi 3 BjiacTHBOCTeH MaTpHn,b H Ta ^{t). 

15> 



y flpyroMy Bnu&^Ky TBep;],>KeHH5i 3 TeopeMH 3 e TpHBiajibHHMH: saMina smIh- 

HHX 

X = z 

3Bo;];HTb flH4)epeHLi,iajibHe piBHHHHH (I) pfl flH4)epeHD;iajibHoro piBH5iHH5i 3 Tieio >k 
MaTpHi],eK) Koe4)iLi,ieHTiB 

Hi = 

5Ikiii;o noB'5i3aTH BHOKpeMjieni BHine rpaHHHni BMna^KH 3 npeflCTaBjieHHHM Ma- 
TpHii,i X{T) Hepe3 i'l j\mcny KanoHinHy 4)opMy (E]), to nepmoMy 3 hhx Bi^noBi^ae 

BHna/],OK, KOJIH 

X{T) = SAS-\ 

flpyroMy — BHnaflOK, kojih 

X{T) = SBS-\ 

Ot^kg, HerpaHHHHHM BHnaflKOM TBepflJKGHb 3 TeopeMH 3 3ajiHmaeTbC5i jinme Toii, 

5IKHH BH3HaHaeTbC5I yMOBaMH 

^eM„_d(M), BeMd{R), n>d>l. 

Hexaii yMOBH BHKonyiOTbcsi. Tofli 3 flOBefleHHH TBep;],>KeHb 2 TeopeMH 3 bhhjih- 
Bae, mp MaTpHn,5i Y{t)^ noB'5i3aHa 3 MaTpHn,eio X{t) 4)opMyjioK) (ED, Mae BHrjia/i, 
(113]). 5lKm,o no3HaHHTH 



TO ffTBI ) Ha6yfle BHrjisi^y 

y(^) = (t/(i),y(^))(^'^^' (22) 

I3 ([22]) BHHjiHBae, ni,o 



Y{t) {1' )= iU{t), V{t)) ' ) = C/(t)e«" , (23) 

fle El — {n — (i)-BHMipHa oflHHHHHa MaTpHn,5i. 

npoflH4)epeHn,iK)BaBmH piBHicTb ( 1231 ) 3 ypaxybaHHHM nepmoi' 3 (|)opMyji 
OTpHMyeMO, ni,o 

5'-ip(^)5y(t) ( ) = S-'P{t)SU{t)e''^' = ^^e^^' + U{t)Hie''^K 



OT>Ke, 



+ = S-^P{t)SU{t) (24) 



dt 



flJI5I Bcix t G M. 

MaTpHi],^ Y{t) e 4)yHflaMeHTajibH0K) MaTpHi],eK) posb'^skIb /],H4)epeHLi,iajibHoro 

piBHHHHH 

^ = 5-ip(^)5^. (25) 

Hexaft W{t) G Mji(i(M) /],ji5i Bcix t G R Ta e nenepepBHO flHcj^epeHi^iftoBHOio 
Ha M, nepioflHHHOK) 3 nepio^OM T i TaKOio, mo 

det{U{t),W{t))j^O (26) 

flJI5I Bcix t G M. 

IcHyBaHHH TaKOi MaTpnu,! BHnjiHBae 3 TeopeMH npo KBa3inepioflHHHHH 6a3HC b 
W P060TH [4]. 

3po6HMO B flH4)epeHi],iajibH0My piBHsinni ([25D 3aMiHy 3MiHHHx 3a 4)opMyjioK) 



y = U{t)yi + W{t)y2 (27) 
Ta Ha niflCTaBi piBHOCTi OTpHMaeivio flH(|)epeHi],iajibHe piBHHHHH 



P03B'5I3yi0HH II,e piBH5IHH5I 3 flOnOMOrOK) MaTpHII,! 

(29) 



L2{t) 



o6epHeHoi flo MaTpHii,i {U{t),W{t))^ OTpHMyeivio Ta CHCTeiviy jxyi^Q- 

peHIJ,iajIbHHX piBH5IHb 

dyi 



dt 



= Hm + L,{t) (^S-'P{t)SW{t) - y2 



(30) 



OcKijIbKH MaTpHI];5I K0e4)il],ieHTiB CHCTeMH ( 15U| ). ( pri ) Mae 6jI0HH0-TpHKyTHHH 



BHFJIHfl, 4)yH;],aMeHTajIbH0K) MaTpHI],eK) p03B'5I3KiB D,iei CHCTeMH e MaTpHH,5I 

( ^'(*) ^ (32) 

flpyPHH CTOBHHHK 5IK0i" yTBOpeHHH p03B'H3KaMH CHCTCMH flHcjDepCHI^iajIbHHX pib- 

H5iHb ( I30l ). ( 13T| ) i3 3a^aHHM HonaTKOBHM 3HaHeHH5iM yi = ^i(O), y2 = ^2(0) 
TaKHM, m,o 

det Y2{0) ^ 0. (33) 
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BpaxyByiOHH saMiny SMiHHHx (EZj), (l^yH^aMeHTajitHOio MaTpHi],eK) po3B'5i3KiB pie- 

H5IHH5I ( 1251 ) e MaTpHII,^ 



iuit),wit)) 



e^i* Yi{t) 
Y2it) 



(34) 



KpiM Toro, 4)opMyjia ( 1221 ) TaKO>K BHsnaHae 4)yHflaMeHTajibHy MaTpHi],K) posB'siSKiB 
piBHHHHH (j2SD- SriflHO 3 Teopieio jiiniHHHx ^HcJiepeHi^iajibHHx piBHHHb Mi>K li,hmh 
^BOMa 4)yHflaMeHTajibHHMH MaTpHi],HMH po3B'5i3KiB icHyc 3ajie>KHicTb TaKa, mo 

mt), v{t)) ( "IJ" J^, ) c = (f/(*), ( ' ) (35) 

flji5i Bcix t G M, fle C — HeBHpoflJKena CTajia MaTpnu^n. HiflCTaBKBinH b ( 1531 ) 
3HaHeHH5i t = 0, OTpHMyeMO fljiH BH3HaHeHH5i MaTpHii,i C jiiHiiiHe ajire6paiHHe 



piBHHHHH 



(f/(0),y(0))C=([/(0),iy(0)) 

Li(0) ^ 



n(o) 

^2(0) 



(36) 



^OMHOJKHBniH (ESD Ha MaTpHII,K) I ^ ' I , OflGpjKHMO piBHlCTb 

f El L,{0)V{0)\^^ (El yi(o) 



L2(o)y(o) 



^2(0) 



3 HKOi BHnjiHBae, no-nepme, mo 



det(L2(0),y(0))7^0, 



no-/],pyre, mo npn 



Oflep>KHMO 



yi(o) = Li(o)y(o), y2(o) = ^2(0)^(0) 



TaKHM HHHOM, BH3HaHHBmH 3a nOHaTKOBHM 3HaHeHH5IM ( l39| ) p03B'5I3KH 

CHCTeMH flH4)epeHii,iajibHHx pibHsiHb ( I5U| ). ( I^TI ). OTpniviaeMO i3 (125]), 

y2(^) 







(37) 



(38) 

(39) 
(40) 

^ n(^) A 

. ^2(^) ; 

pibHicTb 
(41) 



Bcix t G M. 

nOMHO:>KHBmH dH]) Ha MaTpHII,K) (123), npHHfleMO flO piBHOCTi 



El Li{t)V{t) \ ( e^^* 
L2{t)V{t) ) V e^-' 



y2(^) 



Y,{t) = L,{t)V{t)e''^\ (42) 
Y2{t) = L^{t)V{t)e''-' (43) 

flJI5I BCix t G M. OcKijIbKH MaTpHLl,5I Y2{t) 6 HeBHpOfl>KeHOK), TO iS SHaXOflHMO 



3HaHeHH5i e^^^ i, niflCTaBHBniH lioro y piBHicTb (HZD, Oflep>KHMO, mo 

yi(t) = Li{t)V{t){L2{t)V{t))-'Y2{t) (44) 

/],JI5I Bcix t G M. 

SannmeMO CHCTeMy flH4)epeHi],iajibHHx piBHHHb (EDI), (EI]) y BHrji5ifli CHCTeMH 

'^^'- = H,y, + R,{t)y2. (45) 

= G(i)2/2, (46) 



dt 

dm 

dt 

BBiBHIH nOSHaHeHHH 



iJi(i) = (5-ip{t)5VI/{t) - ^^) , 

G(«) = (^S-'P{t)SW{t) - ^) . 

SannmeMO TaKO>K piBHicTb ( IHj ). BHKopHCTOByiOHH MaTpHi],K) 

F(t) = Li(t)y(t)(L2(t)y(t))-\ (47) 

y BHrji5i/],i 



npoflH4)epeHii,iK)BaBmH piBHicTb ( HST ) Ta BpaxyBaBinn Te, mo MaTpHLi,5i 



yi(t) = F(t)y2(t). (48) 

. ^2(t) ; 

e Gjiokom 4)yH/],aMeHTajibH0i MaTpnu,! ( 132| ) posb'siskIb CHCTeiviH /],H4)epeHij,iajibHHx 
piBHHHb (1501). ( I5TI ). a OT>Ke, i CHCTeiviH (Il5l). (IISD, OTpHMyeMO cniBBiflHomeHH5i 

^ + F(t)G(t) = //iF(t) + R^{t) (49) 
Bcix i G M. HapeniTi, 3po6hmo saMiny SMiHHHx 

yi = zi + F{t)z2, 2/2 = Z2 (50) 
Ta o/],ep>KHMO saiviicTb CHCTeiviH /],H4)epeHii,iajibHHx piBH5iHb (llSl). (IM]) CHCTeiviy 

+ + F{t)G{t)z2 = H,Zi + //lF(t)22 + Rl{t)z2. 

dt dt 

ifi 



dt 

5iKa BHacjiiflOK ( 149| ) Ha6yfle BRVjisipj 



OcKijibKH flpyre 3 piBHSHb CHCTeMH ( 13TT 1 36iraeTbC5i 3 TOHHicTio flo nosHaneHb i3 

piBH5IHH5IM ( 146| ) . TO MaTpHII,^ l2(^) G 4)yHflaMeHTajIbH0K) MaTpHLI,eK) p03B'5I3KiB 

flpyroro 3 piBHHHb CHCTeMH (ICT). Tofli 3ri/],H0 3 4)opMyjioK) MaTpHi],5i 

L2(t)y(t)e^^^(L2(0)y(0))-i (52) 



e 4)yHflaMeHTajibH0K) MaTpHi],eK) po3B'5i3KiB flpyroro 3 piBHHHb CHCTeMH ( I5TI ). 5iKa 

npH i = e OflHHHHHOK) MaTpHI],eK). OT>Ke, MaTpHII,^^ 

(L2(r)y(r))e^^^(L2(o)y(o))-i (53) 

e MaTpHn,eK) MOHOflpoMii /],pyroro 3 piBH5iHb CHCTeiviH ( I5T| ). 

SriflHO 3 BH3HaHeHH5iMH MaTpHi],5i 1/2 (t) 6 nepio/^HHHOK) 3 nepio;];oM T, MaTpHI],^ 
V{t) 3a;];oBOJibH5ie yMOBy 

V{t + T) = -V{t), (54) 

a MaTpHii,5i i72 Mae BHrjisi/i, 

BpaxoByiOHH naBeflem BjiacTHBOCTi MaTpHii,b L2(i), V{t) Ta iif2, npHxoflHMO pfl 

BHCHOBKy, mo MaTpHI],5I ( 1331 ) Mae BHrjIHfl 



(-L2(0)y(0))(-5)(L2(0)y(0))-i = L2(0)y(0)5(L2(0)y(0))-i. 

Ot^kc, 3ri/],H0 3 BHKjia/],eHHM BHine Ta BH3HaHeHH5iM MaTpHii,i B OTpHMyeMO, mo 
MHOJKHHa BjiacHHx 3HaHeHb MaTpHii,i ( 1551 ) e a6o mho>khhoio Bcix Bifl'eMHHx Bjia- 

CHHX 3HaHeHb MaTpHU,! X(r), a6o i'l ni/],MHO>KHHOK). 

Po3rji5iHeMO MaTpHij,K) F{t). I3 BH3HaHeHH5i mei' MaTpHLi,i 3a 4)opMyjioio ( I17| ) 
i Toro, mo MaTpHii,i Li{t) Ta L2{t) nepioflHHHi 3 nepioflOM T, a MaTpHii,5i V{t) 
3a/],OBOJibH5ie yMOBy ( I55l ). BHnjiHBae, mo 

F(t + T) = i-L.mm-L^mit))-' = m 

P,J15L BCix t G M. 

Otjkc, MaTpHi],5i F(^) e nepioflHHHOio 3 nepioflOM T. 

JJ,Ji5i 3aBepmeHH5i pflBep^ennsi TBepfl^KCHb 3 TeopcMH 3 3ajiHmHjiocb b35ith ^o 
yBarH tc, mo 3aMiHa 3MiHHHx 

X = Sy (55) 
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nepeTBopioe flH4)epeHi],iajibHe piBH5iHH5i (I) y flH4)epeHij,iajibHe piBHHHHH ([25]), to- 
My cynepno3Hi],i5i saiviiH (ETj), (ESI) nepeTBopioe flH4)epeHD;iajibHe piBHHHHH 
(I) y CHCTeMy ^HcJiepeHi^iajibHHx pibHsiHb f lSTI ) 3 BH3HaHeHHMH TeopeMOio 3 Bjia- 

CTHBOCraMH 51K 3aMiHH 3MiHHHX, TaK i CaMHX flH4)epeHII,iajIbHHX pibH^^Hb CHCTeMH 

(EH). 

3po6HMO fle5iKi 3ayBa>KeHH5i TBepfl>KeHb 2 Ta 3 TeopeMH 3. 

Ilepme 3 hhx CT0cyeTbC5i 4)opMyjiH (VI), 5iKa BH3HaHae MaTpHii,io H. I3 ^o- 
BefleHHH TeopeMH 3 BHnjiHBae, mo H ne 3aB>KflH BH3HaHaeTbC5i 0flH03HaHH0. ll^si 
Heo;];H03HaHHicTb noB'j53aHa 3 yMOBOio po36htt5i flificHoi' KaHoninHOi 4)opMH Ma- 
TpHii,i X{T) Ha 6jiokh A Ta 3riflH0 3 5ikok) MaTpHH,5i B MO>Ke 6yTH 5ik 6jiokom 

>K0pflaH0B01 (|)OpMH MaTpHH,i X [T) , yTBOpeHHM BCilVia i'l >KOpflaHOBHMH KJliTH- 

HaMH, m,o BiflHOBi^aiOTb i'l bifl'eMHHM BjiacHHM 3HaHeHH5iM, TaK i 6jiokom H,iei 
4)opMH, yTBopeHHM i3 BH3HaHeHoro BHni,e GjiOKy BHjiyHeHHHM flObijibHoro HHCJia 

Hap OflHaKOBHX >KOpflaHOBHX KJliTHH. 

flpyre 3ayBa>KeHH5i CT0cyeTbC5i MiniMajibHO mo>kjihboi bejiHHHHH uopsijiKy ppy- 
roro 3 flH4)epeHH,iajibHHx piBH5iHb CHCTeMH (VIII). I3 flOBe^eHHsi TeopeMH 3 bhhjih- 

Bae, m,0 H,eH HOpa^OK TaKO>K HOB'5I3aHHH 3 yMOBaMH P036hTT5I fliftCHOi' KaHOHiHHOl 

4)opMH MaTpHH,i X{T) Ha 6jiokh ^4 Ta 5 i flopiBHioe MimMajibHO MO>KjiHBOMy ho- 
pHflKy MaTpHH,i B TaKoro po36htt5i. OT>Ke, 5ik BHHjiHBae 3 nepmoro 3ayBajKeHHH, 
MiniMajibHO MO>KjiHBa Bejinnnna nopsi^Ky flpyroro 3 piBH5iHb CHCTeMH (VIII) pp- 
piBHioe Hop5i/],Ky MaTpHH,i, 5iKa yTBopena i3 >KopflaHOBOi (|)opMH MaTpHH,i X{T) 
BHjiyneHHHM 3 nei' Bcix jKopflanoBHx KjiiTHH, mo Bi/],noBiflaK)Tb Hebifl'eMHHM Bjia- 

CHHM 3HaHeHH5IM MaTpHII,i X [T) , Ta MaKCHMajIbHO MO>KJIHBOrO napHOrO HHCJia 
OflHaKOBHX >KOpflaHOBHX KJliTHH H,iei >K MaTpHH,i, ilKl BiflHOBiflaiOTb 11 bifl'eMHHM 
BJiaCHHM 3HaHeHH51M. 

KpiM Toro, Bi;];3HaHHM0, 111,0 3riflH0 3 flOBe;];eHH5iM TeopeMH 3 MaTpHH,5i B e >Kop- 

flaHOBOK) 4)0pM010 MaTpHH,i MOHOflpOMii' Z2{T) flpyrOrO 3 piBH51Hb CHCTeMH (VIII) 

3 yciMa HacjiiflKaMH moflo BjiacTHBOCTCH (J^yHflaMeHTajibHOi MaTpnii^i po3B'5i3KiB 

Z2{t) H,bOrO piBH51HH51, ilKl 3BiflCH BHHJlHBaiOTb. 

HapeiHTi, 3ayBa>KHM0, 111,0 na Hi;i,CTaBi TBepfl^KCHb 3 TeopeMH 3 Ta TeopeMH 2 
flH4)epeHH,iajibHe piBH5iHH5i (I) Mae inBapianTni mhotobh^h 

K^'-^t) = {xeW : U{t)Li{t)x = x}, 

K'^{t) = {xeW : V{t)L2{t)x = x), 
Hepio/i,HHHi 3 nepioflOM T: 

K^it + T) = K^it), iye{{n-d)y d} 

flji5i Bcix t G M. ITpH H;bOMy (I) na K'^~'^{t) CKbiBajieHTHe nepmoMy, a na K^{t) 
— flpyroMy 3 /],H4)epeHH,iajibHHx pibHsiHb chctcmh (VIII). 
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Hacjii^oK. OyHdaMenmaAhHa uampuij^H pose'^SKie ducfjepeHu^iaAbHogo pie- 
HSiHHSi (I) X{t) Mae npedcmaeAeuHji 

X{t) = $(t)e^^$+(0), (IX) 

de 

X{T) \ 
Z{T) J ' 

H G M^(M), Z{T) — Mampuii)ji MOHodpoMU aeyjfceHHA (I) na uoso nepioduuHuu 
meapiaHmHuu MHosoeud K'^{t), — nepioduHua 3 nepiodoM T Mampuyn, mo 
sadoeoAbHjie 

— + = P(t)$, (XI) 

$(^) e M„to(]R) Oaa ecix t G M, $^(0) — Mampuysi, nceedoo6epHeHa Bah mq- 
mpuV)i $(0), m — n + n> d> 0. 

^iiicHO, sriflHO 3 ocTaHHiM is 3ayBa>KeHb flH4)epeHi],iajibHe piBH5iHH5i (I) Mae 
nepioflHHHHii iHBapiaHTHHH MHoroBHfl K'^{t), na 5iK0My piBH5iHH5i (I) eKBiBajien- 
THe flpyroMy 3 flH4)epeHii,iajibHHx piBHHHb CHCTeMH (VIII). PosrjiHHeMO CHCTeMy 
flH4)epeHi],iajibHHx piBH5iHb 

I = P(t)^, I = Oit)., (56) 
yTBopeny 3 piBHHHHH (I) Ta flpyroro 3 piBH5iHb CHCTeMH (VIII). JJ^jisi i'l MaTpnu,! 

MOHOflpOMii" 

fX{T) \ 
V Z{T)J 

sriflHO 3 flOBe^eHHHM TBepfl>KeHb 3 TeopeMH 3 p^mcnoK) KaHoninHOK) (J)opMOK) e 

MaTpHI],5I 

^4 \ 
5 0, (58) 
5/ 

p^e A TO. B — 6jiokh po36htt5i fliiiCHOi KaHomHHoi' 4)opMH MaTpHii,i X{T) Taxi, mo 
MaTpHii,^ A Mae j\mcniiR jiorapiicjDM. OcKijibKH MaTpHLi,^ 

(59) 

yTBopena nonapno oflHaKOBHMH >Kop/],aHOBHMH KjiiTHHaMH, to h Bona Mae j\mcniiR 
jiorapH(|)M. OT>Ke, jiorapncJiM MaTpHu,! MO>KHa BH6paTH fliftcHHM. Tofli flift- 

CHHM MO>KHa BHGpaTH JIOrapHcj^M MaTpHLI,i ( l57f ) i BH3HaHHTH MaTpHI],K) 5 3ri/],H0 

3 (|)opMyjioK) (X) TaK, mo6 BOHa 3aflOBOJibH5ijia yMOBy H G M„+(f(M), pfi d — 



(57) 
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nopHflOK MaTpHLi,i B. SacTOcyBaBniH (|)yHflaMeHTajibHoi" MaTpHii,! po3B'j53KiB 

CHCTeMH flH4)epeHD;iajIbHHX piBHHHb (ESD 

fX{t) \ 
I Z(t)) 

4)opMyjiy r. OjiOKe (II), OTpHMyeMO, mo 



X{t) \^f^i{t) 

z{t) J V ^2(t) 



(60) 



j\Q H — MaTpHij,5i (X) is npocTopy M„+(f(IR), ^i{t) Ta $2(^) ~ nepiofliiHHi 3 ne- 
pioflOM T MaTpH^i, ^i{t) G M„„+rf(R) Ta $2(^) G Md„+d(K) A-^^ Bcix t G M. 

flH4)epeHI],iK)K)HH piBHiCTb ( 160| ). Oflep>KHMO flJIH MaTpHLI,i $(t) = [ ^^/^l ) Ma- 



TpHHHe flH(|)epeHij,iajibHe piBHHHHH 



3 5iKoro BHnjiHBae, mo MaTpHij,5i $i(t) 3a/],OBOJibH5ie /],H4)epeHij,iajibHe pibHHHHH 
(XI). HapeniTi, homho^khmo pibmcTb ( I5U| ) Ha MaTpHLi,io $j*'(0), nceBfloo6epHeHy 
j\o MaTpHLi,i $i(0), Ta OTpniviaeMO piBHicTb 

X{t) = $i(i)e^^$+(0), 

mo 36iraeTbC5i 3 (IX) 3 TonmcTio flo nosHaneHb. 

5. fl,Ba sacTocyBaHHH OTpHMannx pesyjibxaxiB. 

1. Hexafi X G M"^, P{t) — nenepepBHa nepioflHHHa 3 nepio^OM T MaTpHn,5i, 
P{t) G M„(M) j\ji5i Bcix t e X{t,x) — (^Y^^K^i5l 3MiHHHx t G M Ta x G M", 
5iKa Ha6yBae 3HaHeHb b M", nenepepBHa fljiH Bcix t G M Ta a; G W^. 
Po3rji5iHeMO /],H(|)epeHLi,iajibHe piBHHHHH 

^ = P{t)x + X{t,x). (1) 

Hexaft 

X{t,x) = 0, (2) 

TOfli flH4)epeHii,iajibHe piBH5iHH5i ([T]) Mae 4)yH/],aMeHTajibHy MaTpHii,K) po3B'5i3KiB 
X{t), flji5i 5IK01 icHye npe/],CTaBjieHH5i 

X(t) = $(t)e^'$+(0), (3) 
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npHHOMy BjiacTHBOCTi MaTpHLi,b Ta H BHSHaHem y nacjiiflKy nonepe^Hboro 
naparpa4)a. 

BHKopHCTaeMO 4)opMyjiy ([3]) p^jiii 3Be/],eHH5i /],H4)epeHi],iajibHoro piBH5iHH5i ([T]) 
flo 6ijibm npocToro BRVjisipj. fl,Ji5i ii,boro 3po6hmo b ([T]) saMiny SMiHHHx, BBiBinn 
saMicTb X G SMinny y G R'" sa 4)opMyjioK) 

X = ^t)y. (4) 

BpaxoByiOHH Te, mo MaTpHLi,^^ e posb'hskom ^HcJ^epeHi^iajibHoro piBHSHHa 
(XI), is ([I]) Ta (jlj) OTpHMaeMO piBHicTb 

m(^^-Hy^=X{t,my)- (5) 
Ilo^aMO i[K> pibHicTb y BHrjia^i 

^-Hy = ^^t)X{t,my), (6) 

fle — MaTpHij,^, nceB;],oo6epHeHa ^jih Ta Mae 3 o^HaKOBy rjia;],KicTb 
Ta nepiofl, soKpeMa, sa ^~^{t) MO>KHa BH6paTH nepniHii 6jiok MaTpHii,! (<l>^(i), 

o6epHeHOi ;],o MaTpHu,! ^ ^ ^ (J^opiviyjiH ( I5UI ) nonepe^Hboro naparpa4)a. Pos- 

B'ajKeMO (ED Bi/],HOCHO — Hy Ta OTpHMaeMO, 

'^^=Hy + ^^{t)X{t,my)- (7) 



BH/],ijieHa jiiHrnna ^acTHHa piBH5iHH5i (|7]) Mae nocTiftny MaTpHLi,K) Koe4)iii,ieHTiB, a 
sarajibHa 36epirae BjiacTHBOCTi BiflnoBiflHOi HacTHHH nonaTKOBoro piBHHHHH ([T]). 

2. PosrjiHHeMO flH(J)epeHi];iajibHe piBHHHHH 

dx 



=X{x) + X^{t,x), 

fle X(a:) — HenepepBHO flHcJiepeHi^iftoBHa 4)yHKi],i5i SMiHHOi x, Xi(t,a:) — nene- 
pepBHa 4)yHKii,i5i SMiHHHx t Ta X, 5iKa Ha6yBae SHaHCHb b Bcix t G M Ta 

X G M", n > 2. 

Hexaii piBHHHHH ([H]) sa yMOBH 



Xi{t,x) = Q (9) 
Mae nepioflHHHHH posb'hsok s nepio/],OM T 

x(t) = i{ut), (10) 
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27r 

^{(p) — nepioflHHHa sa SMiHHOio (p 3 nepio^OM 27r 4)yHKii,i5i, to = — — HacTOTa 

nepioflHHHoro posB'siSKy. 

PiBHHHHH y Bapiaij,i5ix, mo BiflnoBi^ae nepio/],HHHOMy posB'asKy ( ITOl ) /],H4)epeH- 

II,iajIbHOrO piBH5IHH5I ([HI) npH BHKOHaHHi yMOBH (P), Mae BRFJliip^ 

dt dx 

Ta P03b'5I30K 



6^ (11 



^e = ^V), (12) 
fle ' osHanae noxi^Hy sa SMiHHOio (p. 
^iiicHO, 3ri/],H0 3 BHSHaneHKHM 

r(^)u; = X(^(^)), (13) 

OT>Ke, 

ei^). = '-^i'i^) (14) 

flji5i Bcix G M. ni/],CTaBHBmH b ( TTH ) saiviicTb SHaneHHsi wt, OTpHMaeMO toto- 

>KHiCTb 

J,'M) = »^CV), (15) 

5iKa H flOBOflHTb Heo6xi;];He TBepfl>KeHH5i. 

Hexaft 5(v') — HenepepBHO flH4)epeHi],iH0BHa, uepiop^n^Ha 3 nepio;],OM 27r Ma- 
TpHi],55, 5((yi') G M„„_i(IR) Ta 3a/],OBOJibH5ie yMOBy 

det(^'(^),5(^))7^0 (16) 

;];ji5i Bcix (/? G R. 
SaMina SMinHHx 

S^ = eicot)c + B{ut)g (17) 
SBOflHTb piBHHHHH y BapiaLi,i5ix ( ITTI ) flo flH4)epeHi],iajibHoro piBHHHHH 



^"(a;t)a;c + <^'(w^)^ + B '{ujt)ujg + B{ujt)^ = ^^^^^^^{^' {ujt)c + B{ujt)g) 
a6o, 3 ypaxyBaHH5iM (Ej), flo piBH5iHH5i 

TT • 5 • . dc dg 

l\Q piBHHHHH, 5IKIH0 HOrO p03B 5I3aTH Bi;],HOCHO nOXlflHHX — Ta — 3 flOnOMOrOK) 

dt dt 

MaTpHi],i 



B+{ut) 

9.9. 



(18) 



o6epHeHoi pfl {ujt), B{ut))^ sbo^htb ( HTh pfi CHCTeiviH /],H4)epeHLi,iajibHHx piB- 

H5IHb 

dt 



(19) 



y BiflnoBi;],HOCTi flo saMinn SMinnnx ( IT7| ) MaTpHij,5i MOHOflpoMii CHCTeMH j\R(^e- 
peHii,iajibHHx piBHHHb ( p!9| ) nofliSna flo MaTpHu,! MOHO^poMii piBH5iHH5i y Bapiaii,i5ix 

( ITTI ). TaKHM HHHOM, BJiaCHi HHCJia 060X MaTpHI],b MOHOflpOMil 36iraK)Tbca. 

I3 CHCTeMH ( HM BHHJIHBae, m,0 OflHG 3 BJiaCHHX HHCejI i'l MaTpHH,! MOHOflpO- 

Mii flopiBHioe 1, a Bci inmi e BjiacHHMH nncjiaiviH MaTpnu,! MOHOflpoiviii flpyroro 
3 flH4)epeHi],iajibHHx pibH^Hb chctcmh ([12]). OT>Ke, TaKHMH >K e i Bjiacni HHCJia 
MaTpHn,i MOHOflpoMii piBH5iHH5i y BapiaLi,i5ix (pJl). 

no3HaHHMO MaTpHii,K) Koe4)iii,ieHTiB flpyroro 3 flHcJ^epeni^iajibHHx piBH5iHb ch- 
CTCMH i HM Hepe3 Q{ujt)^ j\Q Q{(p) — nepioflHHHa 3 nepioflOM 2ti MaTpHi],5i, Ta 
po3rji5iHeMO ij,e flH4)epeHi],iajibHe pibHHHHH 

^ = Q{^t)g. (20) 
dt 

Ha niflCTabi nacjiiflKy nonepe^Hboro naparpa4)a 4)yH;],aMeHTajibHa MaTpHLi,5i po3B'5i3- 
Kib pibHHHHH ( I2UI ) G{t) Mae npeflCTabjieHHH 

G{t) = $(a;t)e^^$+(0), (21) 

AG 

H = ^\n(^^^^^ GM4M), (22) 

2(n — 1) > m > (n — 1) , Z(t) — cJ^yHflaMeHTajibHa MaTpHi],^ 3by>KeHHH ^h- 
4)epeHLi,iajibHoro pibH5iHHJ5 ( 12D| ) na ftoro nepio^HHHHii iHbapiaHTHHH MHorobHfl 
^m-(n-i)^^^^ $((/?) — nepioflHHHa 3 nepio^OM 27r MaTpHii,5i, $((^) G M„_ij„(]R) 
/],ji5i bcix e M Ta 3a;],obOJibH5ie flH(|)epeHi],iajibHe pibHHHHH 

"^uj + ^H = Q{^)^, (23) 
dif 

$+(0) — MaTpHi],5i, ncebfloo6epHeHa ^jih $(0). 

BHKopHCTaeMO OTpHMani bHine pe3yjibTaTH bbe^eHHa aMnjiiTyflHO-4)a30bHx 

KOOpflHHaT b OKOJii 3aMKHeH01 KpHbOi" 

x = i{^),^e^, (24) 



5>3 



Ta fljia 3BefleHH5i flH(|)epeHii,iajibHoro piBHHHHsi (jHI) b OKOJii ii,iei KpHBOi flo aivrajii- 
Ty;];HO-4)a30BOi CHCTeiviH flH(|)epeHD;iajibHHx piBHHHb, 5iKa e Gijibin npocTOio. 
JJ^Jiii ii,boro y pibH^^HHi (jSj) 3po6hmo saMiny SMiHHHx sri^HO 3 cJ^opMyjioio 

x = a^) + B{ip)g, (25) 

B{(p) — MaTpHLi,5i, BHSHaneHa panime. 

Tofli, BpaxoByiOHH piBHicTb (ITBI). OTpHMaeivio saiviicTb (jSj) flHcJ^epeni^iajibHe pib- 

H5IHH5I 

= X{a^) + - Xia^)) - B\if)ug + + (26) 

r03B 5I>KeM0 piBHHHHH ( I2dI ) BlflHOCHO — CJ Ta — 3 flOnOMOrOK) MaTpHII,! 

at at 



(27) 



oSepneHOi flo {({if) + B'{ip)g, B{ip)). 

BH6paBmH ^ocTaTHbo Majie snanennii (5 > 0, MaTpHii,io ( I27f ) jierKO no6y/],yBaTH 

/],JI5I Bcix 

(^gR, |k||<^ (28) 

3a MaTpHi],eK) (IT8|). noKjiabniH 



(29) 



/Li(^,0)A /(^'(^))+\ 

U2(^,o); V y ■ 

Tofli 3 (ESD OTpHMaeMO CHCTeMy /],H4)epeHij,iajibHHx pibHsiHb 
^ = a; + Li(^, ^)[X(^(^) + Biif)g) - X(^(^)) + Xi(t, ^(^) + 5(^)r/)], (30) 

^ = L2(^, ^)[X(e(^) + 5(^)r/) - X{^{^)) + Xi(t, ^(^) + B{if)g)]. (31) 
SanHineMO /],H4)epeHij,iajibHe piBH5iHH5i (EH) y BHrjia^i 

f = B+i^)^^^^I^B{^)g + G(^, ./) + L,i^, g)X,{t, ^(^) + B{^)g), (32) 
fle Hepe3 (^(t/?, g) no3HaHeHO 4)yHKij,iK) 

L2(^, ^)(X(^(^) + B{^)g) - X{i{^)) - ^-^^^MlB{^)g)^ 

+ (L2(^, .7) - L,{^. 0))^^^^5(^)^, (33) 

':^4 



mo saflOBOJibHae yMOBH 

G(^,0) = 0, '-^ = 0. (34) 

SriflHO 3 BHSHaneHKHM MaTpHii,i Q{ut) MaTpHLi,^^ Koe4)iij,ieHTiB BH^ijieHoi' jiiHiftHoi' 
HacTHHH flH4)epeHi],iajibHoro piBHHHHH 36iraeTbC5i 3 MaTpHii,eio Q{(f). OT>Ke, 
([32D Ha6yBae BRVjisipj flH4)epeHi],iajibHoro piBHHHHH 



^ = Qiif)g + g) + L^i^f. g)X,{t, ^(^) + B{^)g). (35) 

Hexaii Ta H — MaTpHu,!, BH3HaHeHi 3 npe^CTaBjieHHsi (EI]) 4)yHflaMeHTajib- 
Hoi' MaTpHii,i po3B'5i3KiB flHcJiepeHL^iajibHoro piBHHHHH (I2DD- 3a flonoMoroio ii,hx 
MaTpHi],b 3po6HMO nepeTBopeHH5i CHCTeMH /],H4)epeHi],iajibHHx piBH5iHb ( 13T| ). ( 132| ). 
noKjiabniH 

g = ^^)h. (36) 
B pe3yjibTaTi OTpHMaeMO 3aMicTb (ESD AH4)epeHi],iajibHe piBHHHHH 



f dh \ 

^\^)h + ^if) i — -Hh\+ ^if)Hh = Q{if)^if)h + G{ip, ^ip)h)+ 

+ L2(^, $(^)MXi(t, ^(^) + 5(v^)«l>(^)/.) (37) 
a6o, BpaxoByiOHH, mo *!*(</?) e po3b'5I3kom flH4)epeHLi,iajibHoro piBHHHHH (123|). 



piBHHHHH 

dh 
'dt 



^(^) - = G'(¥^, $(^)M + L2{^. H^)h)X,{t, ({cp) + B{if)^cp)h). 



(38) 

Po3B'5i>KeMO (jSHj) Bi;],HOCHO — Hh 3 flonoMoroK) MaTpHi],i $"''((/?), nceBfloo6ep- 

Henoi flo *^*((yi'), Ta OTpHMaeMO piBHicTb 
dh 

— = ///i + $+(^)[G(^,$(^)/.) + L2(v^,$(vp)MXi(t,^(v.) + 5(^)$((^)/i)]. (39) 



Ha ni/],CTaBi BEKjia^eHoro BHme 3aMiHa 3MiHHHx ( 1551 ) 3B0/],HTb CHCTeiviy flHcj^epeH- 

II,iajIbHHX piBH5IHb (Pri). flO CHCTeMH 

^ = u; + /(t,^,$(^)/i), (40) 
-^ = Hh + ^+{if)F{t, if, ^if)h), (41) 



j\e H — MaTpHn,5i BHrjiH^y 

f{t,^,g) = Li(^, r/)[X(^(^) + B{^)g) - X(^(^)) + Xi(t,^(^) + B{^)g)l 



F{t,(p,g) = L2{(p,g) 



+ 



CncTeMa ^HcJiepeHL^iajibHHx piBHHHb ( jlUj ). (jHJ) i e inyKaHOio. 

TaKHM HHHOM, noHaTKOBC /],H4)epeHLi,iajibHe piBH5iHH5i (jHI) B OKOJii saMKHenoi' 
KpHBOi (EH) SBOflHTbCH cynepno3Hii,ieK) saiviiH (ESI), (ESD, a OT>Ke, saMinoio SMiHHHx 

flo CHCTeMH flH4)epeHij,iajibHHx pibHsiHb ( liPj ). dH]), fle 4)yHKii,ii /(i, (/) Ta 
F{t, (f, g) HenepepBHi 3a SMiHHHMH g f\R^t G M, G M, G R"'^"^, H^fH < (5, 
Ha6yBaiOTb snaHeHb b M Ta W^~^ B\p^omj\no^ nepioflHHni sa SMinnoK) (p 3 nepio^OM 
27r, MaTpHi],j5 ^{ip) G M^_im(IR) flji5i Bcix G M Ta e nepioflHHHOio 3 nepioflOM 

27r, MaTpHLI,5I H G M^(IR), i'l BJiaCHHMH 3HaHeHH5IMH e HHCJia 

1 
T 



-InAj-, j = l,n-l, 



Ta ix j9-KpaTHi noBTopeHH5i, 1 > J9j > 0, ^ j9j = m — (n — 1), 

2(n — 1) > m > (n — 1), 1 Ta Ai, A„_i — Bjiacni 3HaHeHHa MaTpHii,i MOHO^poMii 
piBHHHHH y Bapiai],i5ix (pJl). 

3Be/];eHH5i flH4)epeHii,iajibHHx pibHsiHb, mo po3rji5i/],ajiHC5i BHme, flo piBHHHb i3 

CTajIOK) MaTpHLl,eK) K0e4)ilJ,ieHTiB i'x BH^ijieHOl JliHiliHOl HaCTHHH e CyTTCBHM 

noflajibinoro flocjii/];jKeHH5i i],hx piBH5iHb. niflTBepfl>KeHH5i flanoi ^yiviKH 3HaxoflH- 
Mo, 30KpeMa, B po6oTax [5, 6], npoTe Taivi npo6jieMa TaKoro 3BefleHH5i po3B'5i3aHa 
jiHine HacTKOBO. 
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